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Abstract 

The  fault  diagnosis  problem  for  a linear  system  whose  transfer  function 
matrix  is  measured  at  a discrete  set  of  frequencies  Is  formalized.  A measure 
of  solvability  for  the  resultant  equations  and  a measure  of  testability  for 
the  unit  under  test  Is  developed.  These.  In  turn,  are  used  as  the  basis  of 
algorithms  for  choosing  test  points  and  test  frequencies. 

I.  Introduction 

Conceptually,  the  fault  analysis  problem  for  an  analog  circuit  or  system 
amounts  to  the  measurement  of  a set  of  externally  accessible  parameters  of 
the  system  from  which  one  desires  to  determine  the  internal  system  parameters 
or  equivalently  locate  the  failed  components  as  illustrated  In  Figure  1. 


Figure  1.  Conceptual  Model  of  Fault  Diagnosis  Problem. 

Here,  the  measurements,  m^,  may  represent  data  taken  at  distinct  test  points 
or  alternatively,  data  taken  at  a fixed  test  point  under  different  stimuli. 
Similarly,  the  r^  represent  parameters  characterizing  the  various  internal 
system  components.  Here,  a single  parameter  may  characterize  an  entire  component, 
say  a resistance,  capacitance  or  Inductance.  Alternatively,  a component  may  be 
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represented  by  several  parameters:  the  h-parameters  of  a transistor,  the 
poles  and  gain  of  an  op— amp,  etc*  In  general,  one  models  a system  component 
by  the  minimum  number  of  parameters  which  will  allow  the  failure  to  be  Iso- 
lated up  to  a shop  replaceable  assembly  (SRA)  with  all  "allowed"  system  fail- 
ures manifesting  themselves  In  the  form  of  some  parameter  change. 

To  solve  the  fault  diagnosis  problem,  one  then  measures  m ■ col(m^)  and 
solves  a nonlinear  algebraic  equation 


1. 


m • F(r) 


for  r - col(r^)  to  diagnose  the  fault.  The  parameters  In  the  resultant  r 
vector  which  are  out  of  tolerance  then  Indicate  the  faulty  component.** 

The  purpose  of  the  present  paper  is  to  give  an  explicit  formulation  of 
the  fault  diagnosis  equations  which  arise  In  the  main tan ence  of  linear  systems. 
Here,  one  measures  the  system  frequency  response  as  observed  from  a specified 
set  of  externally  accessible  test  points  at  a discrete  set  of  frequencies 
and  it  Is  desired  to  solve  for  a vector  of  Internal  system  parameters,  r, 
which  completely  characterize  the  frequency  response  matrices  of  the  In- 
dividual system  components;  Z^(s,r),  1 ■ 1,  2 

In  the  following  section  the  explicit  form  for  the  fault  diagnosis 
equations  is  derived  for  a given  set  of  test  frequencies.  A measure  of  solva- 
bility of  these  equations  is  then  developed  in  sectlon3  and  empolyed  In 
section  4 In  an  algorithm  for  optimally  selecting  test  frequencies.  The  measure 

of  solvability  for  the  fault  analyels  equations,  given  an  optimal  choice  of 

12  5 

test  frequencies.  Is  than  taken  as  a measure  of  testability  * * for  the  unit 
under  test  <IUUT)  and  is  used  as  the  basis  of  an  algorithm  for  the  optical  choice  of 
test  points. Finally,  a number  of  examples  are  presented  In  seclon  5. 
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II.  Explicit  Form  of  the  Fault  Diagnosis  Equations 

In  Che  case  of  a linear  tine- Invariant  circuit  or  system,  Che  fault 

diagnosis  equations  may  be  expressed  in  analytical  form.**  Since  the  fault 

diagnosis  equations  deal  with  the  relationship  between  the  externally  measure* 

able  system  parameters,  m,  and  the  Internal  component  parameters,  r,  we 

adopt  a component  connection  model  as  the  starting  point  for  the  derivation 

7 8 

of  che  fault  diagnosis  equations.  * This  is  one  of  several  commonly  em- 
ployed large  scale  system  models  in  which  che  components  and  connections  in  a 
circuit  or  system  are  modeled  by  distinct  equations,  thereby  permitting  one  to 
explleltally  deal  with  the  relationship  between  the  individual  component 
parameters  and  the  composite  system  parameters. 

Since  the  present  study  is  restricted  to  linear  time* invariant  systems, 
we  assume  that  each  component  is  characterized  by  a transfer  function  matrix 
which  is  dependent  on  the  potentially  variable  component  parameters,  Z^(s,r). 
For  the  classical  RLC  components  Z^fs.r)  may  take  the  form  R,  La,  or  1/aC 
for  the  case  of  a resistor,  inductor,  or  capacitor,  respectively.  More 
generally,  one  may  model  an  op-amp  by  the  transfer  function  k/Cs-p^ (s-p2) 
where  the  parameter  vector,  r,  now  represents  the  three  potentially  variable 
component  parameters;  k,  p^,  Pj{  or  a delay  by  ke8*,  etc.  Although  the  symbol 
Z ia  used,  the  components  are  not  assumed  to  be  represented  by  Impedance 
matrices.  Indeed,  hybrid  models  are  used  in  most  of  our  exsmples.  For  the 
purpose  of  analysis,  it  is  assumed  that  all  faults  manifest  themselves  ia 
the  form  of  changes,  possibly  eatastophlc,  in  the  parameter  vector,  r,  with 
the  frequency  characteristics  of  the  components  unchanged.  Although  not 
universal,  this  fault  hypothesis  covers  the  most  commonly  encountered  situ- 
ations and  subsumes  the  common  industrial  practice  of  assuming  that  all 

failures  in  analog  circuits  and  systems  take  the  form  of  open  and  short 

a 

circuited  components. 


*~r 
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Our  system  components  are  thus  characterized  by  a set  of  simultaneous 
equations 


2.  - Z1(s,r)ai  1 - 1,  2,  ...»  q 


where  a^  and  b^  denote  the  consonant  Input  and  output  vectors,  respectively. 

For  notational  brevity,  these  component  equations  may  be  combined  Into  a single 
block  diagonal  matrix  equation 


3.  b - Z(s ,r) a 

where  b ■ col(b^) , a » col(a^)  and  Z(s,r)  - dlag  (Z^(s,r)). 

Although  there  are  many  ways  to  represent  the  connection  in  a circuit  or 
system;  say  a block  diagram,  linear  graph  or  signal  flow  graph,  any  such  repre- 
sentation Is  simply  a graphical  means  for  displaying  e set  of  connection  e- 
quaclona:  Klrchodf  lats,  adder  equations,  etc.  As  such,  for  our  cooq>on«nt 
connection  model  we  adopt  a purely  algebraic  connection  model  In  which  the 
connection  equations  are  displayed  exp 11 cl tally  without  the  Intermediary  of 
some  kind  of  graphical  connection  diagram.  This  takes  the  fora 

4.  * * Hlb  + l12“ 

y • 4ib  + ^2“ 


where  u and  y represent  the  vectors  of  accessible  inputs  and  outputs  which  are 

available  to  the  test  system.  In  simple  systems,  the  connection  matrices,  , 

are  usually  obtainable  by  Inspection,  whereas.  In  more  complex  systems, 

co np uter  codes  have  been  developed  for  their  derivation.  ^ Moreover,  they  are 

a 

assured  to  exist  In  all  but  the  most  pathaloglcal  systems. 

It  is  the  pair  of  simultaneous  matrix  equations  3 and  4 which  are  termed 
the  covenant  connection  model.  By  combining  equations  3 and  4 to  eliminate 
the  component  input  and  output  variables,  a and  b,  one  may  derive** * ^ an  expression 
for  the  transfer  fisietlon  matrix  observable  by  the  test  system  between  the  test 
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Input  and  output  vectors,  u and  y,  obtaining 

5.  S(s,r)  * 1^2  ” ZCs.rjL^'^ta.rjL^ 

where 

6.  y ■ S(s,r)u 

For  a linear  time-invariant  system  the  transfer  function  S(s,r)  is  a 
complete  description  of  the  measurable  data  about  the  unit  under  test 
available  to  the  test  system.  Moreover,  being  rational  it  is  completely  de- 
termined by  its  value  at  a finite  number  of  frequencies.  As  such,  without  loss 
of  generality,  we  may  take  our  measured  data  to  be  of  the  form 

7.  col[S(s^,r) , S(s2*r) , «••»  S(s^,r)] 

The  fault  diagnosis  equations  then  take  the  form 


8. 


S(sltr) 


S(s2,r) 


S(sk,r) 


-1. 


1*22  ^ Z*2^(l— Z(s^,  r) Z(s^  , r)L^ ^ 


-1. 


hi  + L21(l-z('»2’r)Lll)  z<a2*r)L12 


-1. 


I^z  + L2l(1"Z(ak’t)Lll)  Z(sk »r>L!2 


Since  S(s,r)  la,  in  general,  a matrix,  the  fault  diagnosis  equations  as 
derived  above  take  the  form  of  a matrix  (col[S(sitr) ] )valued  function  of  a vector 
valued  variable,  r.  Computationally,  however,  we  prefer  to  work  with  a vector 
valued  function  of  a vector  valued  variable  and  hence,  we  transform  S(s,r)  Into 


a column  vector  via 
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9.  vec[S(s,r)]  • Col  [S^Cs.r)] 


where  S*(s,r)  denotes  the  1th  colunn  of  the  matrix,  S(s,r).  With  the  aid  of 
the  Identity  vec[XYZ]  *[Z^x)X]vec  [Y]  equation  8.  then  transforma  lnto^’^ 


10.  M - 


vec[S(sltr)]  j- 

I 

vec[S(s2,r)]  j- 


vectLjj]  ♦ Cl^2  L21(l“Z(«1»r)L11)"1]vec[Z(s1,r)] 
vec[L22]  + [L^  » L21(l-Z(s2,r)Lu)‘1]vec[Z(s2,r)] 


F(r) 


vec[S(a.,r)  ] 


- vacf!^  + 8 l2l(l-Z(skr)Ln)'1]  vec[Z(sk,r)] 


which  la  the  form  of  the  fault  diagnosis  equations  with  which  we  desire  to  work. 


III.  Solvability  of  the  Fault  Diagnosis  Equations 

For  the  fault  diagnosis  equations  derived  above  to  be  a viable  tool  of 
circuit  and  system  diagnosis  two  fundamental  questions  remain  to  be  answered: 
"What  test  frequencies  should  be  engxloyed  to  optimize  the  solvability  of  the 
equations? "and  "How  solvable  are  the  equations  given  an  optimal  choice  of  test 
frequencies?"  Both  of  these  questions.  In  turn,  hinge  on  the  development  of  some 
type  of  measure  of  solvability  for  the  fault  diagnosis  equations. 

For  a set  of  linear  equations 

11.  m - Fr 

whsre  r is  an  n-vector,  a Is  a p-vector  and  F la  a p bv  m matrix  one  may 
charactarlza  the  solvability  of  the  aquations  In  terms  of  the  number  of  arbitrary 
paranaters  in  Its  solution  (if  a solution  exists).  As  such,  6 - n-rank(F)  Is  a 
natural  measure  of  the  solvability  for  equation  11.  Here,  6 ■ 0 Implies  that  the 


t ' j ^ 

equation  has  a ml  qua  solution,  4*1  lilies  that  the  solution  Is  determined  up 


L. 


Co  one  arbitrary  parameter  and  so  on,  with  Increasing  values  of  6 representing  de- 
creasing degrees  of  solvability. 


Un fortunately , the  fault  diagnosis  equations  are  nonlinear  even  for  linear 

systems  and  hence  we  must  resort  to  the  Implicit  function  theorem  to  obtain  a 

U 

measure  of  solvability  analogous  to  the  above.  Indeed,  If  r^  Is  a solution  to 
the  fault  diagnosis  equations,  then  r^  Is  determined  up  to  a 

U.  <5(rf)  - n - rankf[^  (rf) ]j 


dimensional  manifold  (of  arbitrary  parameters)  in  a neighborhood  of  r^.  Here 
dF/dr  is  the  Jacobian  matrix  of  partial  derivatives  of  F with  respect  to  r.  With 
the  aid  of  the  matrix  identity  d(M  ^)/dr  ■ -M  ^[dM/dr]M  \ dF/dr  can  be  coaputed 
expli cl tally  from  equations  8.  and  10.  yielding 


13. 


dF,  . 
d^rf> 


{ ( [1+Ln(l-Z(s v rf) ^"^(a 1% r f)  iL^)  tft(L21(l-Z(a  1,rf)L11)"\(dvec  Z(sx ,rf)  ] /dr 


{([l+L11(l-Z(sk,rf)Ln)“1Z(sk,rf)]L12)ta(L21(l-Z(sk,rf)L11)";l5C(dvec  2(»k.rf)]/dr 


where  "t"  denotes  matrix  transposition  and  ft  denotes  the  matrix  Kronecker  (or 
tensor)  product. 

The  difficulty  with  the  inp  licit  function  theorem  is  that  It  only  yields  local 
information  valid  In  a neighborhood  of  a solution.  Fortinately,  however,  given 
the  special  nature  of  the  Jacobian  matrix  of  equation  13.  coupled  with  an  asauaptlon 
that  the  component  transfer  function  matrices  Z^(s,r)  are  rational  in  r,  it  is 
possible  to  show  chat  the  rank  of  the  Jacobian  matrix  is  "almost  constant."  This, 
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in  turn,  allows  us  Co  transform  Che  local  measure  of  solvability  of  equation  12. 
into  a global  measure  of  solvability.  For  this  purpose  we  adopt  the  algebraic 
geometric  definition  for  the  term  "almost  constant."  I.e.  we  say  that  a function 
of  Tf  is  almost  constant  if  it  is  constant  except  possibly  for  those  values  of 
lying  in  an  algebraic  varlaty(the  solution  space  of  a finite  sec  of  non-zero 
simultaneous  polynomial  equations  in  n variables).  More  generally,  we  say  chat  a 
property  holds  "almost  everywhere"  (a.e.)  or  for  almost  all  in  n-space  if  it  is 
true  for  all  values  of  r^  except  possibly  those  lying  in  an  algebraic  variety. 

Since  the  Lebesque  measure  of  an  algebraic  variety  is  zero,  this  definition  for  the 

concept  "almost  everywhere"  is  consistent  with  the  more  common  measure  theoretic 

14 

definition  and  is  more  natural  in  the  context  of  our  application. 

Theorem  1:  Let  Z^(s,r);  i ■ 1,  2,  . ...  q;  be  rational  in  r.  Then  6 (r^)  is  almost 
constant. 

Note,  the  assumption  that  Z^(s,r)  is  rational  in  r is  quite  minor  being  satis- 
fied by  all  of  the  exaag>las  given  in  section  II  except  for  the  delay  (which  can 
be  approximated  by  a function  which  Is  rational  in  r).  In  practice,  the 
component  transfer  function  matrices  will  also  be  rational  in  s though  this  is  not 
required  for  the  present  theorem  since  F and  dF/dr  are  formulated  in  terms  of 

specific  test  frequencies,  s^,  s^,  . ..,  s^.  Given  our  assumption  on  the  Z^Cs.r), 

dF 

together  with  equation  13.,  it  then  follows  that  -^<rf)  is  also  rational  in  rf . 
Proof  of  Theorem  1:  We  begin  by  showing  that  an  arbitrary  polynomial  matrix  in 
r,  P(r),  has  almost  constant  rank.  Since  rank  P(r)  is  restricted  to  the  finite 
set  of  integers  (0,  1,  2,  ...,  j;  where  J is  the  minimum  of  the  nuafcer  of  rows 

and  coluana  in  P(r)),  there  exists  an  r which  maximizes  the  rank  of  P(r) 

n 

14.  ' rank[P(r  )]  > rank[P(r)] 

D “ • 

Now,  the  rank  of  a matrix  is  the  dimension  of  Its  largest  non-singular  square 
sub-matrix.  A a such,  P(r)  admits  a square  sub-matrix,  M(r),  whose  dimension  is 


9 


> 


equal  to  Che  rank  P(r  ) and  for  which 

ID 

15.  dec  M(r  ) + 0. 

ID 

Now,  det[M(r)]  Is  a polynomial  in  r which  is  not  identically  zero  (from  equation 
15.)  and  hence,  it  is  non-zero  a.e.  As  such. 


16.  rank[P(rB)]  _>  rank[P(r)]  _>  rank[M(r)]  ■ rank[P(rm)]  a.e. 


showing  that  rank[P(r)]  • rank[P(ra)]  almost  everywhere.  As  such,  rank[P(r)]is 
almost  constant. 


17. 


Now,  to  verify  that  rank  [^(r^)]  is  constant  we  decompose  this  matrix  as 


P(rf) 


where  P(r^)  is  a polynomial  matrix  and  d(r^)  is  a non-zero  common  denominator. 

P(r j)  has  almost  constant  rank  while  d(r^)  is  non-zero  almost  everywhere  and  hence 
can  effect  the  raik  of  P(r^)  only  on  an  algebraic  variety  (since  the  division  of 
» a matrix  by  a non-zero  scalar  does  not  effect  its  rank.)  As  such,  our  Jacobian 

matrix  has  almost  constant  rank  implying  that 


18.  fi(rf)  - n - rank  [~  (rf)] 

t 

is  also  almost  constant.  The  proof  of  the  Theorem  is  therefore  complete. 

Given  the  theorem,  we  may  now  define  a global  measure  of  solvability  for  the 

* fault  diagnosis  equation,  6,  as  the  generic  value  of  6(r^).  I. a.  the  value  6(r^) 
takes  on  for  almost  all  r^.  This  proves  to  be  a natural  measure  of  solvability 
since  it  indicates  the  ambiguity  which  will  result  from  an  attest  to  solve  the 

■ fault  diagnosis  equations  in  a neighborhood  of  almost  any  failures.  Of  course, 

one  requires  some  sort  of  equation  solving  algorithm*®’ **  to  locate  a neighbor- 
hood of  an  actual  failure.  The  4 parameter,  however,  represents  a bound  on  the 

• 
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performance  of  any  such  algorithm.  Finally,  we  note  that  since  6 la  Independent 
of  Tf,  the  solution  of  the  fault  diagnosis  equations.  It  can  be  computed  at  the 
tlms  the  system  and  Its  test  algorithm  are  developed  by  evaluating  6(r)  at  a 
randomly  chosen  generic  point,  say  rQ.  In  turn,  this  parameter  may  then  be 
employed  as  an  aid  in  the  choice  of  test  frequencies  and  test  points. 

IV.  Teat  Frequency  Selection 

Adopting  the  measure  of  solvability,  6,  formulated  in  the  preceedlng  section. 
It  remains  to  develop  an  algorithm  for  choosing  a set  of  test  frequencies; 
s^,  s^ , ...  s^;  which  maximize  the  solvability  of  the  fault  diagnosis  equations 
(l.e.  minimize  6).  To  this  end,  let  denote  the  minimum  value  achieved  by 

5 for  any  set  of  test  frequencies;  s^,  a^,  ...»  s^;  k ■ 1,  2,  Since  the 

possible  values  for  6 are  restricted  to  the  finite  set;  6 • 0,  1,  ...,  n;  such  a 
minimum  Is  assured  to  exist. 

The  following  theorem  gives  an  explicit  formula  for  computing  6^^  while  its 
proof  yields  an  algorithm  for  choosing  a set  of  test  points  which  achieve  6<ir<w. 
Since  the  purpose  of  this  theorem  is  to  formulate  an  algorithm  for  choosing  test 
frequencies,  the  theorem  Is  expressed  in  terms  of 

19.  vec[S(s,r)]  - vecCl^]  + [L^J®  L21(l-Z(atr)Lu)“1]  vec[Z(s,r)] 
and 

20.  dvec|>(a,r?  ^ [(1  + rJ^r^s.rnL^tO^l-Zts.r)!^)*1) } 

{dvec[Z(s,r)]/dr  } 

viewed  as  rational  ftactlona  In  s rather  than  in  terms  of  the  function  F(r) 
which  la  formulated  in  terms  of  an  a-prlorl  choice  of  test  frequencies. 

Theorem  2:  Let  Z^a.r);  1 - 1,  2,  ...,  q;  be  rational  In  s and  r.  Then 
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where  n Is  che  dimension  of  the  parameter  vector,  r,  and  "col-rank"  denotes 

the  generic  number  of  linearly  Independent  coitions  of  the  rational  matrix  [dev[S(s,r)]/dr] 

over  the  field  of  complex  numbers.  Moreover,  <5^^  is  achieved  by  almost  any 

choice  of  n~6^n  distinct  complex  frequencies. 

Proof : For  the  sake  of  brevity,  we  will  prove  the  theorem  only  for  the  special 
case  where  S(s,r)  is  a scalar  transfer  function  (allowing  us  to  drop  the  "vee" 
transformation)  though  essentially  the  same  proof  goes  through  In  the  general  case 
modulo  some  nctatlonal  complexities.^  Also,  since  the  rank  of  the  Jacobian  matrix 

» 

is  almost  constant  It  suffldes  to  fix  tha  parameter  vector,  r,  at  any  generic 
point,  say  rg.  This  then  reduces  [dvec[s(s,r)]/dr]  to  a row  vector  of  rational 

finctlons 

I 

21.  R(s)  - [RjOO  R^s)  ...  Rn(s)] 
where 

» 

22.  R^s)  - [dvec[S(s, rQ) ]/dr^] 


I 


j 

j 

J 


» 


I 


I 


and  our  problem  reduces  to  the  verifications  of  the  fact  that  the  number  of 
linearly  independent  colusns  of  R(s)  over  the  field  of  complex  scalars  Is  equal 
to  the  maximum  possible  rank  of  the  complex  matrix 


Mow,  clearly  if  some  column  of  R(s),  say  the  nth,  is  dependent  on  the  re- 
maining columns,  then 

n-1 

24.  Rn(s)  = l c j R j ( s ) 

for  all  s.  Then  by  applying  24.  individually  for  each  s^ 

n-1 

25.  col  (R  (s.))  = Y c .col(R.(s . ) ) 

n 1 i=l  ^ * * 

for  any  possible  number  or  choice  of  the  s^.  The  rank  of  the  matrix  of 
Equation  23  is  therefore  less  than  or  equal  to  the  number  of  linearly  inde- 
pendent columns  of  R(s)  over  the  field  of  complex  numbers. 

To  prove  that  equality  can  be  achieved  with  an  appropriate  choice  of 
n-^min  complex  test  frequencies,  s^,  we  invoke  our  assumption  that  S(s,r)  is 
a scalar  transfer  function.  Without  loss  of  generality,  we  may  assume  that 
R^s)  through  R^(s)  are  the  linearly  independent  entries  in  R(s)  over  the  field 
of  complex  numbers  in  which  case  we  must  show  that  there  exists  complex  fre- 
quencies s^,  Sj,  ....  s^  (k  = q in  this  case)  which  make  the  first  q columns 
of  the  matrix  of  equation  23.  linearly  independent. 

If  q = 1,  R^(s)  is  not  identically  zero  (since  otherwise  it  would  be 
linearly  dependent)  and  hence  for  almost  all  s^,  R^s^)  ^ 0.  As  such,  the 
columns  in  this  trivial  one  by  one  matrix  are  linearly  independent.  With  this 
as  a starting  point,  we  will  use  an  inductive  argument  to  show  that  the  theorem 
holds  for  all  values  of  q.  We,  therefore,  assume  that  it  has  been  shown  that 
for  q = p there  exist  complex  frequencies;  s^,  s2*  •••  , s^;  such  that 

the  matrix  r~  . 
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has  linearly  independent  columns  and  we  desire  to  show  that  there  exists  an 


s . , such  that  the  matrix 
p+1 


W W •••  RP(si)  Rp+i(si) 


-Vi(s)  = 


R1(s2)  R2(s2) 


Rp(S2}  Rp+l(s2) 


R (s  ) R,(s  ) ...  R(s  ) Rn  .(a  ) 

1 p 2 p P P P+1  p 


R^(s)  R2(s) 


Rp(s)  Rp+1(3) 


has  linearly  independent  columns  for  s = s By  virture  of  our  assumption  that  S(s,r)  is 

a scalar  both  R^  and  Rp+^(s)  are  square  and  we  may  test  for  linear  independence 
of  the  columns  of  R^+1(s)  by  computing  its  determinent.  Expanding  27.  in  co- 
factors along  its  bottom  row,  we  obtain 


Since  R^  has  linearly  independent  columns  Ap+1ip+1  ^ °»  hence,  the  coefficiencts 
in  the  summation  of  equation  28.  are  not  all  zero  and  thus  by  the  linear  inde- 
pendence of  the  R^(s)  the  summation  is  not  identically  zero.  As  such,  one  can 

choose  almost  any  s , which  will  make  the  determinant  of  R ,(s  ^,)  non-zero  thus 
p+i  -^>+1  P+1 

assuring  the  Vl  has  linearly  independent  columns  when  its  rows  are  evaluated 
at  the  complex  frequencies  s^,  s2,  ...,  Th«  proof  of  the  theorem  is  thus 

complete . 

Mote  that  the  proof  of  the  theorem  yields  a natural  sequential  algorithm  for 
choosing  test  frequencies.  Moreover,  for  the  scalar  case  we  have  shown  that  the 
number  of  required  test  frequencies  is  exactly  (equal  to  the  column  rank 

of  the  Jacobian  matrix).  In  the  general  case  where  S(s,r)  is  not  a scalar,  the 
number  of  required  test  frequencies  is  less  than  or  equal  to  n-6  . 5 


r 
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Although  the  theorem  implies  that  one  can  randomly  choose  almost  any 
n-<5min  test  fre<luencies  to  maximize  the  solvability  of  the  fault  diagnosis 

equations,  the  result  does  not  take  cognizence  of  numerical  considerations.  Al- 
though no  theory  yet  exists  for  choosing  test  points  with  numerical  considera- 
ations  in  mind,  it  has  been  our  experience  that  the  "well  posedness"  of  the  fault 
diagnosis  equations  is  quite  sensitive  to  the  choice  of  test  frequencies.^  In 
most  of  our  experiments,  we  have  worked  with  real  test  frequencies  to  eliminate  the 
necessity  of  working  in  the  complex  plane.  On  the  other  hand,  m is  most  easily 
measured  when  values  of  s^  on  the  jw  axis  are  employed  whereas  it  has  been 
suggested  that  test  frequencies  symetrically  spaced  around  a circle  in  the  com- 
plex plane  might  yield  numerically  "well  posed"  equations. 

Although  the  measure  of  solvability,  6,  for  the  fault  diagnosis  equations 
is  dependent  on  the  choice  of  test  frequencies,  as  well  as  the  properties  of  the 
unit  under  test,  6 is  determined  entirely  by  the  UUT;  its  components, 
connections  and  accessible  test  points;  and  is  completely  independent  of  the 

test  algorithm  employed.  As  such,  <5  . may  be  taken  as  a natural  measure  of 

min  1 

testability^-  for  the  'JUT  which  characterizes  the  degree  to  which  the  fault 

analysis  equations  can  be  solved  given  an  optimal  choice  of  test  frequencies 

and  solution  algorithm.  Moreover,  6 ^ may  be  used  as  an  aid  for  the  optimal 

3 4 5 

selection  of  test  points.  * ’ To  this  end  we  may  choose  a set  of  test  points, 

from  several  options,  so  as  to  minimize  6 . . Alternatively,  we  may  attribute 

min 

a cost  to  each  input  and  output  test  point  and  then  choose  the  least  cost  com- 
bination of  test  points  which  yield  a specified  6 ^ . This  latter  process  re- 
duces to  a rather  straighfarward  integer  programming  problem  and  is  thus 

4 5 

readily  automated.  * The  technique  is  illustrated  in  the  examples  of  the 
following  section. 


i 
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V . Examples 

An  an  initial  illustration  of  the  theory  consider  the  RC  coupled  amplifier 
with  inductive  load  shown  in  Figure  2.  Here  we  will  take  E^  to  be  the  only 


Figure  2:  RC  coupled  amplifier  with  inductive  load, 
test  input  but  we  will  initially  allow  E , i.  , i_ , and  V . to  all  be  taken  as 

O L L X 

test  outputs  with  the  measure  of  testability,  6 . , being  used  to  extract  a 

mm 

reduced  set  of  test  outputs  from  these  options.  A component  connection  model 
for  this  circuit  is  given  by 
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Taking  our  vector  of  potentially  variable  component  parameters  to  be 
r = col(u,  L,  C,  R)  each  with  unity  nominal  value,  we  obtain  a nominal  trans- 


fer function  matrix 


30.  S(s,r)  = 


a(q(a)+l)  + ll 

mT 


a 

s+i 


whereas  .our  Jacobain  matrix  evaluated  at  the  nominal  parameter  values  is  given 
by 


aq  (s) 

0 aq  (a) 

(s+1)2 

sq  (a) 
(3+1)' 

dvec[S(s,r)] 

dr 

q (a) 

s+1 

0 

-q (a ) g ( a ) 

q (a) 

31. 

*+1  (a+1)2 

0 a 

(a+1)' 

2 

-3 

(a+1) 

(a+1) * 

0 

0 _a 

a 

> 

(3  + 1) 

(a+1)2 

Now,  an  inspection  of  this  matrix  will  reveal  that  it  has  four  independent 

columns  over  the  field  of  complex  numbers  and  hence  if  all  four  possible  outputs 

are  used,  we  will  have  6^n  = 0 implying  that  the  fault  diagnosis  equations  have 

locally  unique  solutions.  On  the  other  hand,  if  only  two  outputs,  Eq  and  i^ , are 

measured,  our  modified  Jacobian  matrix  will  reduce  to  the  first  and  third  rows 

of  the  matrix  shown  in  equation  31.  which  has  column  rank  3.  As  such,  if  we  only 

use  these  two  test  outputs,  we  obtain  <5  . =1  and  hence  the  solution  to  the 

min 

fault  diagnosis  equations  will  be  characterized  by  a single  arbitrary  parameter. 
In  this  latter  case,  with  only  E and  i-  taken  as  test  outputs,  theorem  2 

O w 

implies  that  dF /dr  will  have  rank  3 for  almost  any  choice  of  3 = n - 6 . test 
r J mm 

frequencies.  Choosing  s^  = 1,  s2  = 2,  and  s3  = 3,  we  obtain 
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g(l)/2 

0 

0 

0 

g ( 1 ) /4 

1/4 

g(l)/4 

-1/4 

II 

o 

u 

£1$ 

2g(2  )/3 

0 

2g(2)/9 

2g( 2 )/9 

0 

0 

2/9 

-2/9 

3g( 3 )/4 

0 

3g(3)/16 

3g(3)/16 

0 

0 

3/16 

-3/16 

which  has  three  linearly  independent  columns  as  long  as  g(l)  i 0,  g(2)  i 0 and 
g(3)  i 0.  Indeed,  in  this  example,  any  two  of  the  three  frequencies  would  have 
sufficed  to  yield  three  linearly  independent  columns.  Note,  for  scalar  transfer 
functions,  theorem  2 implies  that  n-<5m£n  frequencies  are  actually  required  but 
for  matrix  transfer  functions  fewer  frequencies  may  suffice. 

Of  course,  for  the  circuit  of  Figure  2,  we  have  a choice  of  some  15  combin- 
ations of  the  four  outputs  with  which  we  may  choose  to  work  for  the  diagnosis 

of  the  circuit.  The  resultant  6 . 's  for  the  various  combinations  of  outputs 

min 

are  £iven  in  table  l.5 

Finally,  with  the  aid  of  Table  1,  one  may  readily  develop  a test  point 

4 5 

selection  algorithm  for  our  circuit.  * For  instance,  if  we  desire  to  find  the 
smallest  set  of  outputs  which  yield  a <5^^  <_  1 an  inspection  of  the  table  will 
reveal  that  E and  i.  , i.  and  L,  or  E and  i„  are  the  optimal  choices.  Of 

course,  if  one  attributes  a cost  to  the  various  outputs  (determined  by  the 
convenience  of  making  the  required  measurements),  then  we  may  further  dis- 
tinguish between  these  three  possibilities.  For  instance,  if  voltage  measure- 
ments are  deemed  to  be  easier  than  current  measurements,  the  combination  of 
i.  and  i^  may  be  excluded  with  the  decision  between  the  remaining  two  options 
being  dependent  on  whether  it  is  easier  to  measure  the  circuit's  input 


current  (ic>  or  its  load  current  (i^)* 


] 
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Outputs 

5 . 
min 
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3 

Table  1:  Measure  of  testability  for  the 

circuit  of  Figure  2 using  various 
combinations  of  test  outputs. 


As  a second  example,  consider  the  one  stage  transistor  amplifier  shown 
in  Figure  3 with  the  AC  equivalent  circuit  of  Figure  4.  Since  it  is  clearly 
impossible  to  distinguish  between  failures  in  the  two  parallel  bias  resistors, 
Ra  and  R^,  these  two  resistors  have  been  combined  into  the  single  resistor,  R^ 
in  the  component  connection  model  of  equations  33.  and  34.  Taking  all  of  the 
component  parameters  as  potentiall  faulty,  r becomes  a 12  vector  composed  of 
Cx,  rx,  ...,  Rt  and  as  before,  we  take  all  parameters  to  have  the  nominal  value 
of  unity. 


- . . 


* 

M • * 


Q [UU 


Figure  3.  One  Stage  Transistor 
Amplifier 


Figure  4.  Amplifier  Equivalent 
Circuit 


Once  again  we  let  the  input  voltage  be  the  only  test  input  for  the  system  and 

we  take  V , I„  , V , and  I , to  be  possible  output  test  points.  The  resultant  <5m 
° C1  a * 

for  each  of  the  15  possible  combinations  of  these  output  terminals  is  tabulated  m 


in  Table  2. 
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From  the  table  it  is  apparent  that  no  single  test  output  suffices  to 

yield  a 5 . =0  (perfect  testability)  though  5 . =0  can  be  achieved  using 
min  min 

two  test  outputs;  V and  I„  or  V and  I . 

o o e 

VI . Conclusions 

Our  purpose  in  the  preceeding  has  been  to  formulate  an  analytic  theory  in 

support  of  the  intuitive  art  usually  associated  with  the  design  of  a test 

algorithm.  With  the  aid  of  the  techniques  developed  above,  we  believe  that  it 

will  be  possible  to  develop  an  automated  test  program  generation  (ATPG)  algor- 

4 5 

ithm  for  linear  systems.  ’ Indeed,  such  an  algorithm  could  be  readily  combined 

with  the  same  computer-aided  design  (CAD)  algorithm  used  in  the  system  design 
9 

process.  Given  the  component  connection  equations  such  an  algorithm  could  be 
employed  to  automatically  (or  interactively)  choose  test  points  and  test  fre- 
quencies and  generate  the  required  set  of  fault  diagnosis  equations.  These 
could  then  be  stored  on  tape  and  supplied  to  the  automatic  test  equipment  (ATE) 
in  which  a faulty  system  would  be  tested  and  the  fault  diagnosis  equations  solved. 

Although  we  do  not  propose  to  discuss  the  actual  solution  of  the  fault 
diagnosis  equations  here,  it  should  be  pointed  out  that  by  assuming  that  relatively 
few  components  have  failed,  say  p<<  n,  it  is  possible  to  develop  specialized 
algorithms  for  the  solution  of  the  fault  diagnosis  equations  which  are  far  more 
efficient  than  standard  equation  solvers  in  this  application.  ’ ’ These  are 

typically  derived  from  the  fault  simulation  algorithms  used  in  the  diagnosis  of 
digital  systems  and  may  naturally  be  classified  into  ''simulation  before  test"  and 

"simulation  after  test1'  algorithms.  Some  of  the  algorithms  are  discussed  in 

references  7,  9,  10  and  11. 

Finally,  we  note  that  as  formulated  above,  the  measure  of  testability,  <5^^, 
assumes  that  any  combination  component  failues  is  possible.  If,  however,  we 
assume  that  at  most  p<<  n components  fail  simultaneously,  the  ambiguity  in  the 


» 
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solution  of  the  fault  diagnosis  equations  may  actually  be  less  than  6 . . 

mm 

For  instance,  in  the  example  of  Figure  3,  with  only  Vq  taken  as  an  output 
^min  = 3’  ^et  t*ie  ^au^t  diagnosis  equations  can  be  solved  exactly  if  we  assume 
that  only  one  parameter  is  out  of  tolerence.10  The  point,  here,  is  that  even 
though  the  solution  of  the  fault  diagnosis  equations  in  n-space  has  three 
arbitrary  parameters  when  the  solution  is  restricted  to  the  one  dimensional 
manifold  of  parameter  vectors  in  which  all  but  one  coordinant  are  nominal  it 
is  unique. 
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Abstract 

A search  algorithm  for  the  solution  of  the  fault  diagnosis 
equations  arising  in  linear  time  invariant  analog  circuits  and  systems 
is  presented.  By  exploitation  of  Householder's  formula  an  efficient 
algorithm  whose  computational  complexity  is  a function  of  the  number 
of  system  failures  rather  them  the  number  of  system  components  is 
obtained . 

Introduction 

Conceptually,  the  fault  analysis  problem  for  an  analog  circuit 
or  system  amounts  to  the  measurement  of  a 3et  of  externally  access- 
ible parameters  of  the  system  from  which  one  desires  to  determine  the 
internal  system  parameters  or  equivalently1  locate  the  failed  com- 
ponents as  illustrated  in  Figure  1.  Here,  the 


Figure  1.  Conceptual  Model  of  Fault  Diagnois  Problem. 

measurements , m^,  may  represent  data  taken  at  distinct  test  points  or 
alternatively,  data  taken  at  a fixed  test  point  under  different  stimuli. 

1Since  the  problem  at  determining  the  values  of  the  failed  ocnpcnents  is  usually 
straightfdrverd  ,cnce  the  failures  have  bsen  located,  the  exact  determination  of 
all  internal  ocnpcnant  parameters  is  essentially  equivalent  to  the  problem  of 
"sloply*  locating  the  foiled  ccnpcnants. 
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Similarly,  the  represent  parameters  characterizing  the  various 
internal  system  components.  Here,  a single  parameter  may  character- 
ize an  entire  component,  say  a resistance,  capacitance  or  inductance. 
Alternatively,  a component  may  be  represented  by  several  parameters: 
the  h-parameters  of  a transistor,  the  poles  and  gain  of  an  op-amp, 
etc.  In  general,  one  models  a system  component  by  the  minimum  number 
of  parameters  which  will  allow  the  failure  to  be  isolated  up  to  a 
"shop  replaceable  assembly"  with  all  "allowed"  system  failures  mani- 
festing themselves  in  the  form  of  some  parameter  change. 

To  solve  the  fault  diagnosis  problem,  one  then  measures 
m * col(m^)  and  solves  a nonlinear  algebraic  equation 

1.  m ■ F (r) 

for  r • col(r^)  to  diagnose  the  fault.  For  linear  time- invariant 
systems  the  function  F can  be  expressed  analytically,  as  we  shall  see 
in  the  following  section.  More  generally,  in  the  nonlinear  case,  one 
can  evaluate  F(r)  for  any  given  parameter  vector,  r,  with  a simulator, 
and  thus  solve  1.  numerically,  even  though  F has  no  analytic  expression. 

Although  one  does  not  usually  formulate  the  fault  diagnosis  pro- 
blem in  terms  of  the  above  described  equation  solving  notation,  this 

a 

formulation  is  equivalent  to  the  classical  fault  simulation  concept. 
Indeed,  fault  simulation  is  simply  a search  algorithm  for  solving  1. 
Here,  one  precomputes  m » f (r)  for  each  allowable1  faulty  parameter 
vector  r and  then  compares  the  measured  m with  the  simulated  m's,  stored 
in  a fault  dictionary,  to  solve  equation  1. 
i 

3y  allowable  faults  we  mean  all  possible  parameter  vectors,  r,  which  satisfy  a 
specified  set  of  fault  hypotheses.  These  typically  restrict  the  nsudrus  number  of 
covenant  parameters  which  are  simultaneously  out  of  tolerance  and  the  type  of 
failure (epan  circuit,  short  circuit,  stall  change,  etc.) 
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Although  the  above  described  approach  to  fault  simulation  has 
been  successful1  when  applied  to  digital  system,  there  is  considerable 
question  surrounding  its  applicability  to  analog  circuits  and  systems1. 
The  problem  here  is  two-fold.  First,  rather  than  simply  failing  as 
a one  or  zero,  an  analog  parameter  has  a continuum  of  possible  fail- 
ures. Secondly,  unlike  a digital  system  wherein  a component  is  either 
good  or  bad,  in  an  analog  system,  a component  parameter  is  either  in 
tolerence  or  out  of  tolerence.  As  such,  for  each  hypothesized  failure, 
it  may  prove  necessary  to  do  an  entire  family  of  Monte  Carlo  simu- 
lations in  which  the  values  of  the  good  components  are  randomly  chosen 
within  their  tolerence  limits.  Although,  at  the  present  time  we  have 
insufficient  practical  experience  to  determine  the  precise  number  of 
fault  simulations  required  for  analog  fault  diagnosis,  it  is  estimated 
that  the  number  of  simulations  required  for  an  analog  system  will  ex- 
ceed the  number  of  simulations  required  for  a digital  system  of  similar 
complexity  by  a factor  ranging  between  two  and  six  order  of  magnitude.1 
As  such,  the  fault  simulation  concept  whit.*  has  proven  to  be  so 
successful  for  a digital  system  may  not  be  applicable  in  the  analog  case. 

As  an  alternative  to  fault  simulation,  one  may  adopt  one  of  the 

2 3 

more  classical  equation  solving  algorthms  for  the  solution  of  1.  ' 

Here,  one  first  measures  m and  on  the  basis  of  this  measurement,  makes 
an  initial  guess  r°  (usually  taken  to  be  nominal  parameter  vector) 
at  the  solution  of  the  equations.  One  then  evaluates  m°  ■ F(r°)  and 
compares  it  with  m.  If  m°  ■ m,  r°  is  the  solution  to  the  fault  diag- 

l 

Most  industrial  users  of  ATE  obtain  satisfactory  fault  detection  in  digital 
circuits  via  fault  similatlon  techniques  but  require  guided  probe  techniques 
in  addition  to  the  fault  dictionary  data  for  fault  diagnosis  (isolation) . 
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noais  equation.  If  not,  one  makes  a new  "educated"  guess  at  the 
solution,  r1,  (usually  based  on  the  deviation  between  m and  m°)  and 
repeats  the  process  by  evaluating  m1  ■ Ffr1)  and  comparing  it  with  m. 
Hopefully,  sequence  of  component  parameter  vectors,  r1,  and  simulated 
data  vectors,  m1  ■ F(r^),  is  obtained  which  "quickly"  converges  to 
r and  m,  respectively.  Since  the  evaluation  of  Ffr1)  is  essentially 
equivalent  to  the  simulation  of  the  system  with  the  faulty  parameter 
values,  r1,  this  technique  is  really  another  form  of  fault  simulation. 

In  this  case,  however,  one  simulates  the  system  after  the  data  vector 
has  been  measured  and  uses  this  data  to  make  an  educated  guess  at  a 
(hopefully)  small  number  of  parameter  vectors  at  which  the  system  , 

should  be  simulated.  As  such,  the  approach  has  been  termed  simulation 
after-  test"  to  distinguish  it  from  the  classical  approach  wherein  all 
simulation  is  done  before  test.1  I 

At  the  time  of  this  writing,  both  approaches  are  under  study1, 
neither  of  which  have  been  shown  to  be  superior.  Fault  "simulation 
after  test-*  requires  that  one  include  an  efficient  simulator  in  the  ATE  ) 

itself,  which  can  be  used  for  on-line  computation  of  m1  ■ ?[r^)  after 
the  UUT  has  been  measured.  On  the  other  hand,  simulation  after  test 
eliminates  the  requirement  of  searching  a large  fault  dictionary  for 
the  (approximate)  data  matches  required  by  "simulation  before  test.”  In 
addition,  the  complex  ATPG  requirement  for  "simulation  before  test"  is 
eliminated. 

To  make  "simulation  after  test"  feasible,  however,  an  efficient 
equation  solving  algorithm  is  required  to  obtain  convergence  of  the  r1 

fl 

sequence  in  a reasonable  amount  of  time.  Moreover,  since  "real  world" 
failures  in  analog  circuits  and  systems  often  take  the  form  of  open  and 


£ 

I R 


29 


short  circuited  components  or  large  parameter  deviations  from  nominal 
the  classical  perturbational  algorithms  a-la  Newton- Raphson  are  in- 
applicable. Fortunately,  in  the  context  of  the  fault  diagnosis  pro- 
blem, one  can  reasonably  assume  that  relatively  few  component  para- 
meters have  failed.  As  such,  even  though  it  is  not  valid  to  assume 
that  r-r°  (the  deviation  of  r from  nominal)  is  small  in  norm,  it  is 


reasonable  to  assume  that  it  is  small  in  "rank."  The  purpose  of  the 
» present  paper  is  to  formulate  a search  algorithm  for  the  solution  of 
the  fault  diagnosis  equations  which  exploits  such  an  assumption. 

In  the  following  section,  the  explicit  form  for  the  fault  diagnosis 

• equations  arising  in  linear  time-invariant  circuits  and  systems  is 

3 4 

derived.  Householder's  formula  is  then  used  to  exploit  the  special 
form  of  these  equations  in  combination  with  an  assumption  that  r differs 
from  r°  in  relatively  few  coordinants  to  formulate  a search  algorithm 
for  the  solution  of  the  fault  diagnosis  equations  in  which  the  compu- 
tational complexity  of  the  simulation  process  is  a function  of  the 
number  of  the  failures  rather  than  the  number  of  components.  This  algor- 
ithm is  based  on  a similar  algorithm  suggested  by  Temes^  for  "simulation 

before  test"  and  a large  - change  sensitivity  algorithm  first  given  by  Leung 

• 6 

and  Spence.  Finally,  examples  of  the  application  of  the  algorithm  to 


active  and  passive  circuits  are  presented  and  a study  of  the  robustness 
of  the  algorithm  to  deviations  of  the  "good”  components  from  their 
nominal  values  is  presented.7 


Explicit  Form  of  the  Fault  Diagnosis  Equations 

In  the  case  of  a linear  time-invariant  circuit  or  system,  the  fault 
diagnosis  equations  discussed  abstractly  in  the  previous  section,  may 
be  expressed  explicitally  in  analytical  form.  Indeed,  it  is  the  ex- 
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plicit  nature  of  this  form  which  makes  our  simplified  solution  algor- 
ithm possible.  Since  the  fault  diagnosis  equations  deal  with  the 
relationship  between  the  externally  measureable  system  parameters , m, 
and  the  internal  component  parameters,  r,  we  adopt  a "component  connect- 
ion model"  as  the  starting  point  for  the  derivation  of  the  fault  diag- 

g 

nosis  equations.  This  is  one  of  several  commonly  employed  large 
scale  system  models  in  which  the  components  and  connections  in  a circuit 
or  system  axe  modeled  by  distinct  equations,  thereby  permitting  one 
to  explicitally  deal  with  the  relationship  between  the  individual  com- 
ponent parameters  and  the  composite  system  parameters. 

Since  the  present  study  is  resticted  to  linear  time- invariant 
systems,  we  assume  that  each  component  is  characterized  by  a transfer 
function  matrix  which  is  dependent  on  the  potentially  variable  com- 
ponent parameters,  Z^(s,r).  For  the  classical  RLC  components  Z^(s,r) 
may  take  the  form  R,  La,  or  1/sC  for  the  case  of  a resistor,  inductor, 
or  capacitor,  respectively.  More  generally,  one  may  model  an  op-amp 
by  the  transfer  function  k/(s-px) (s-p2)  where  the  parameter  vector,  r, 

now  represents  the  three  potentially  variable  component  parameters;  k, 

sT 

Pi,  and  p2;  or  a delay  by  ke  , etc.  Although  the  symbol  Z is  used 
(for  historical  reasons) , the  components  are  not  assumed  to  be  repre- 
sented by  impedance  matrices.  Indeed,  hybrid  models  are  used  in  most 
of  our  examples.  For  the  purpose  of  analysis,  it  is  assumed  that  all 
faults  manifest  themselves  in  the  form  of  changes,  possibly  catastophic, 
in  the  parameter  vector,  r,  with  the  frequency  characteristics  of  the 
components  unchanged.  Although  not  universal,  this  fault  hypothesis 
covers  the  most  commonly  encountered  situations  and  subsumes  the  common 
industrial  practice  of  assumming  that  all  failures  in  analog  circuits 
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and  systems  take  the  form  of  open  and  short  circuited  components.^* 

Our  system  components  are  thus  characterized  by  a set  of  simul- 
taneous equations 

2 • b.  “ 2.  (s,r)a.  i * 1 , 2 , . • • , n 

» 

where  a^  and  b^  denote  the  component  input  and  output  vectors,  re- 
spectively. For  notation&l  brevity,  these  component  equations  may  be 
1 combined  into  a single  block  diagonal  matrix  equation 

3.  b ■ Z (s,r) a 

* where  b ■ col(b^),  a ■ col(a^)  and  Z(s,r)  » diag(Zi (s,r) ) . Although 

3.  is  written  as  a single  equation,  it  is  important  to  remember  that  it 
represents  a set  of  decoupled,  simultaneous  equations,  in  which  Z(s,r) 

» 

is  block  diagonal.  Indeed,  we  will  exploit  this  fact  in  the  application 
of  Householder's  formula. 

Although  there  are  many  ways  to  represent  the  connection  in  a 

> 

circuit  or  system;  say  a block  diagram,  linear  graph  or  signal  flow 
graph,  any  such  representation  is  simply  a graphical  means  for  dis- 
playing a set  of  connection  equations:  Kirchoff  laws,  adder  equations, 

* 8 

etc.  As  such,  for  our  component  connection  model  we  adopt  a purely 
algebraic  connection  model  in  which  the  connection  equations  are  dis- 
, played  explicitally  without  the  intermediary  of  some  kind  of  graphical 
connection  diagram.  This  takes  the  form 

4.  * * Lllb  + LUa 

» 

y - L21b  * L22u 

where  u and  y represent  the  vectors  of  accessible  inputs  and  outputs 

I 


which  are  available  to  the  test  system.  In  simple  systems,  the 
connection  matrices,  L^j,  are  usually  obtainable  by  inspection, 
whereas,  in  more  complex  systems,  computer  codes  have  been  developed 
for  their  derivation. ^ Moreover,  they  acre  assured  to  exist  in  all 

g 

but  the  most  pathalogical  systems. 

It  is  the  pair  of  simultaneous  matrix  equations  3 and  4 which 

are  termed  the  component  connection  model.  By  combining  equations 

3 and  4 to  eliminate  the  component  input  and  output  variables,  a 

3 8 

and  b,  one  may  derive  ' an  expression  for  the  transfer  function 
matrix  observable  by  the  test  system  between  the  test  input  and 
output  vectors,  u and  y,  obtaining 

5.  S (s,r)  - L22  + Lji d - Z(s,r)L11)"1Z(s,r)L12 
where 

6.  y - S (s,r)  u 

For  a linear  time- invariant  system  the  transfer  function  S(s,r) 
is  a complete  description  of  the  measurable  data  about  the  UUT 
available  to  the  test  system.  Moreover,  being  rational  it  is  com- 
pletely determined  by  its  value  at  a finite  number  of  frequencies. 

As  such,  without  loss  of  generality  we  may  take  our  vector  of 
measured  data  to  be  of  the  form 

7.  m • colCsts^r),  S(s2,r),  ...,  Sts^r)] 


The  fault  diagnosis  equations  then  take  the  form 
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S (3x,r) 
S Cs2,r) 


I»22"^*21  (s^  , r ) ) Z(s^/3t)L^2 

L22+^*21  (s2»  r)  Li^)  Z(s2,r)L^2 


tn 


4 


S ( , r ) 


L22+L21(1“Z  (sk'r)  LH) 


-1 


Z(Vr)L12 


F(r) 


In  the  present  context  we  will  assume  that  s^,  s2,  . ..,  s^  represent 
sufficiently  many  frequencies  to  permit  the  fault  diagnosis  equations  to 
be  solved.  Indeed,  algorithms  for  determining  such  a set  of  frequencies 
* when  they  exist  are  given  in  references  10,11,  and  12.  The  problem 
at  hand  is  the  development  of  an  efficient  algorithm  for  the  solution 
of  these  fault  diagnosis  equations. 

Householder* s Formula  and  the  Search  Algorithm 

Given  the  explicit  form  of  fault  diagnosis  equations  of  8,  it  is 
apparent  that  the  vast  majority  of  the  computation  required  for  the 
simulation  of  F(r),  either  before  or  after  test,  is  the  inversion 
of  the  family  of  matrices;  (1  - ZCs^rJLj.),  i ■ 1,2,  ...,  k.  For- 
tunately, given  the  assumption  that  relatively  few  components  have 

failed,  i.e.  that  r differs  from  its  nominal  value,  r°,  in  only  a 

4 

small  number  of  coordinents.  Householder's  formula  may  be  invoked 
j to  compute  (1~Z  (s^,r)  L^)  1 in  terms  of  (1  - Z (s^r0)  L^)  together 
with  the  inversion  of  a small  dimensional  matrix.  Mors  precisely, 
if  A,  B,  C,  and  0 are  given  matrices  of  dimension  nxn,  nxn,  nxp, 

I and  pxn,  respectively,  where 

9.  A - B + CD 

then 
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10. 


A"1  «[1  - B_1C(1  + DB_1C)  “SlB"1 


As  such,  once  B ^ is  known,  one  may  compute  the  inverse  of  the  nxn 
matrix.  A,  in  terms  of  B-1  and  the  inverse  of  the  pxp  matrix 
(1  + DB~^C) . This  technique  has  been  used  effectively  for  large 
change  sensitivity  analysis6  and  has  recently  been  suggested  by 
Temes  for  application  to  fault  simulation. 5 This  is  achieved  by 
exploiting  the  block  diagonal  character  of  Z(s,r).  Thus  if  r 
differs  from  r°  in  q coordinents  Z(s,r)  will  differ  from  Z(s,r°) 
only  in  the  pxp  block  composed  of  components  which  are  effected  by 
the  faulty  parameters1.  If  the  rows  and  columns  of  Z(s,r)  are  re- 
ordered so  that  this  block  appears  in  the  upper  left  corner  of 
Z(s,r)  then. 


11. 


ZCs^) 


Z Csi,r°) 


4 ! 

I 

••T' 

0 ! 


where  A is  pxp  and  Z(s,r)  is  nxn.  We  then  have 


12. 


(1  - Z(si,r)Lu)  - CL  - Z(si,ru)L11)  + 


-A (si,r) 


'll 


where  L^  denotes  the  upper  (after  reordering)  p rows  of  L^. 
Finally,  an  application  of  Householder's  formula  yields 


> i 


Here,  p is  the  sun  of  the  dimensions  of  all  the  blocks  of  Z (s,r)  which  are 
dependent  on  the  q coordinents  in  which  r differs  fran  r°.  Typically, 
q r p with  the  exact  relationship  depending  the  block  sizes. 


9 (• 
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13. 


(l-Z(si,r)L11) 


-1 


l-(l-Z(3i,r°)L11)"1 


1+L^i  (i-Z  (3^,r°)  L^) 


-A (si,r) 

0 

r 

1 

V1  >1 

-1 

-A  (s^r) 

) LL 

L ‘ 

J 

J J 

(l-Z(3i/r°)L11)"1 


Although  quite  complex,  the  only  major  matrix  computation  required  for  the 
inversion  of  (1  - Z(s^,r)L^)  via  13  is  the  inversion  of  the  pxp 
matrix  in  parentheses.  As  such,  as  long  as  the  number  of  faulty  parameter 
values  remains  small,  equation  13  represents  an  extremely  efficient 
means  of  carrying  out  a large  number  of  fault  simulations  with 
relatively  little  computational  capacity.  Although  Temes  originally 
suggested  the  technique  in  the  context  of  a "simulation  before  test" 
algorithm,  the  above  application  of  Householder's  formula  i3  ideally 
suited  for  "simulation  after  test",  wherein,  it  reduces  the  compu- 
tational requirements  for  the  simulation  process  to  well  within 
the  capabilities  of  the  minicomputers  usually  found  in  modem  ATE. 

Although  Householder's  formula  yields  am  efficeint  means  for 
solving  the  fault  diagnosis  equations  once  the  faulty  parameters 
have  been  determined,  it  remains  to  locate  the  set  of  faulty  para- 
meters. Fortunately,  the  efficiency  of  the  solution  algorithm  based 
on  Householder's  formula  is  such  that  one  can  justify  a search 
through  "all"  allowable  sets  of  faulty  parameters  to  locate  the 
actual  failures.  Indeed,  if  we  denote  the  "reduced  fault  diagnosis 
equations"  in  which  all  component  values  are  assumed  to  be  nominal 
except  for  q specified  parameters;  ( d , ri(2)'  •••»  ri(q)? 
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"id)  ' 1(2) i(q)  ****  equation 


14. 


m 


F. 


i(l),  i(2),  ...  i(q)(ri(l),  ri ( 2 ) , **•  ri(q)) 


will  have  a solution  if  and  only  if  the  faulty  parameter  values 
are  among  the  r^^j,  ri(2)'  ***  ri(q)*  ^ 3ucil'  ^ one  attempts 
to  solve  14  for  each  allowable  family  of  faulty  parameters,  the 
actual  fault  will  be  indicated  by  the  existence  of  a solution  to 
the  equation. 

Although  such  a search  algorithm  might  at  first  3eem  to  be 
highly  inefficient,  when  one  observes  that  with  the  aide  of  House- 
holder's formula,  the  evaluation  of  F, . requires 

ill),  ill),  ...,  iiq) 

only  the  inversion  of  pxp  (p  = q)  matrix  it  is  seen  that  this  is 

i 

not  the  case.  Moreover,  if  one  searches  for  the  most  likely  fail- 
ures first,  relatively  few  equations  need  be -solved  in  practice. 

In  actual  implementation  in  a "simulation  after  test"  algorithm, 
one  can  readily  search  through  all  possible  combinations  of  one, 
two,  or  three  simultaneous  failures,  and  commonly  encountered  com- 
binations of  larger  numbers  of  failures,  thus  locating  the  far 
majority  of  failures  in  a reasonable  amount  of  ATE  time. 

An  alternative  formulation  of  the  search  algorithm  which  allev- 
iates the  numerical  difficulties  associated  with  the  attempt  to 
solve  a set  of  equations  which  may  not  have  a solution  (as  is  the 
case  whenever  one  attempts  to  solve  14  with  the  wrong  choice  of 
faulty  parameters)  is  to  employ  an  optimization  algorithm,  rather  than 
an  equations  solver,  to  minimize 
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15.  Ji(l),  1(2}  , ...  i(q)(riCl)'  ri (2)  ' *•*  ri(q) 

2 

* I I m “ Pi(l)  , i (2)  , ...  i(q)  (ri(l)  ' ri(2)  ' ***  ri  (q)  I • 

Since  15. has  a zero  minimum  if  and  only  if  14. has  a solution  a search 
through  the  minimization  of  15 . for  all  allowable  sets  of  faulty 
parameters  will  also  locate  the  faulty  parameters  (indicated  by  a 

zero  minimum)  . 

I 

Examples 

As  a first  example,  consider  the  LC  filter  shown  in  Figure  2. 
for  which 


I 

Figure  2.  LC  Filter. 

t 


the  component  connection  model  takes  the  form 
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Since  vie  assume  that  the  source  and  load  resistors  are  external  to 
the  filter  and  do  not  fail  they  have  been  imbedded  into  the 
connection  equations  and  thus  do  not  appear  explicitally  as  com- 
ponents. The  filter  components  are  assumed  to  have  the  nominal 
values 


18.  Cx  - 10,  Lx  - 20,  C2  » 30,  and  I*2  - 40 

and  it  is  assumed  that  no  more  than  one  component  fails  at  a time 
(though  the  failure  may  be  catastrophic) . Our  "simulation  after 
test"  fault  diagnosis  algorithm  then  requires  that  we  minimize 
J^(Ci>,  J2(Ll),  JjfCj),  and  The  performance  measure 

with  zero  minimum  then  represents  the  failed  component  with  the 

r}  jv 

minimizing  value  for  that  performance  measure  representing  the 

T 

value  of  the  failed  component.  All  other  component  values  must 
then  be  nominal  (since  it  is  assumed  that  only  one  component 

© £ 
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fails).  Note:  the  minimizing  value  for  the  non-zero  J\'s  does 
not  correspond  with  the  correct  component  values  for  those  com- 
ponents . 

This  filter  was  simulated  with  each  of  its  four  components 
( out  of  tolerence  (by  as  much  as  100  percent)  with  the  search 

algorithm  being  applied  to  the  simulated  data.  Since  only  one 
parameter  is  assumed  to  fail  at  a time  and  Z(s,r)  is  diagonal 
I each  of  the  four  required  minimizations  was  carried  out  by  purely 
scalar  operations  using  a Golden  Section  search.  In  all  four 
cases  the  fault  was  correctly  located  with  the  faulty  parameter 
l value  being  determined  "exactly."  The  resultant  data  is  summar- 
ized in  Table  1.  Note:  in  each  case  the  minimum  value  for  J\ 
for  the  faulty  component  is  at  least  three  orders  of  magnitude 
* lower  than  the  minimum  value  for  any  non-faulty  component. 

As  such,  the  failure  is  easily  located  and  one  can  expect  the 
algorithm  to  remain  viable  in  the  face  of  numerical  and  or 
approximation  error. 

As  a more  sophisticated  example,  consider  the  one  stage 
transistor  amplifier  of  Figure  3 and  its  wide  band  equivalent 
circuit  shown  in  Figure  4.  Note  that  the  parallel  resistors,  R 

a 

and  R^,  appearing  in  this  model  have  been  lumped  together  into  a 
single  resistance,  Rs,  since  it  is  clearly  impossible  to  dis- 

» 

tinquish  between  failures  in  these  two  components  from  external 
measurements . 
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The  component  and  connection  equations  for  this  circuit  are 
given  by  equations  18  and  19  and  the  nominal  values  for  the 
component  parameters  are  taken  to  be 


42 


N 

r—l 
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20, 

rx  “ 10' 

r - 40, 

71 

Cu  * 

25, 

C2  ’ 

20, 

Rs  * 

75 
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Cr  - 15, 

ca  * 10' 

*m  * 

10, 

Rc  * 

10, 

R1  * 

20 

As  before,  it  was  assumed  that  no  more  than  one  component  failed 
and  J. (r . ) was  minimized  for  each  of  the  12  component  parameters. 

Once  again  the  failure  was  clearly  located  by  the  smallest 

minima  with  accurate  determination  of  the  faulty  parameter 

value.  Indeed,  in  each  case,  the  minimum  value  of  J\  (r^)  -or 

the  faulty  parameter  value  is  at  least  5 orders  of  magnitude 

less  than  the  minima  for  the  remaining  J^(r^).  As  such,  there 

is  no  ambiguity  whatsoever  in  the  determination  of  the  faulty 

component  and  its  value  even  though  the  component  parameters  have 

been  allowed  to  deviate  from  their  nominal  values  by  as  much 

as  500  percent.  The  results  of  our  simulations  are  tabulated  1 

in  Table  2.  In  these  simulations  it  was  assumed  that  no  faulty 


parameter  exceeded  a value  of  1000  and  hence  the  search  was 
stopped  if  the  minimizing  value  for  J^(r^)  reached  1000.  This 
was  necessitated  by  the  requirement  that  the  Golden  Section 
search  be  restricted  to  a finite  interval.  Of  course,  the  mini- 
mization algorithm  can  be  easily  modified  to  take  into  account 
infinite  values  of  r^;  i.e.  open  or  short  circuited  components. 
Multiple  Failures 

Although  we  have  not  given  any  numerical  examples  of  the 


- 
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application  of  the  search  algorithm  to  the  case  where  multiple 
failures  are  assumed,  the  basic  concept  of  our  algorithm  remains 
valid.  Computationally,  the  simple  one-dimensional  Golden  Section 
search  used  to  minimize  J^fr^),  however,  must  be  replaced  by  a 
multidimensional  optimization  algorithm;  say  steepest  decent, 
conjugate  gradient,  etc;  to  minimize  J. ...  , ... 


(ri(l) ' ri(2) 

In  addition,  each  evaluation  of  F 


ri(q)^  *or  aach  aet  *5  allowable  failures. 


i(l)  , i (2)  , . . . , i (q) 


requires 


the  inversion  of  a pxp  matrix  (p  : q ) rather  than  the  simple 
scalar  operations  required  in  the  single  fault  case. 

An  alternative  approach  to  the  minimization  of  ^(2) 


i (q) 


which  requires  only  scalar  mathematics  is  to  use  a 


cyclical  one-dimensional  search  algorithm  on  the  q parameters 

ri (1) ' ri(2)'  •**'  ri (q)  H*ra'  one  minimizes  Ji(1)r  i(2),  ..., 
as  a function  of  one  parameter  at  a time  cycling  through  the  q 
parameters  until  a minimum  is  achieved.  Although  such  an 
optimization  algorithm  usually  requires  more  iterations  than  a 
true  multidimensional  optimization,  the  entire  process  can  be 
carried  out  with  scalar  operations.  In  particular,  since  one 
only  varies  a single  parameter  at  a time.  Householder's  formula 


allows  F. 


to  be  evaluated  at  each  interation 


i(l),  i (2) , ...  i(q) 
without  matrix  inversion  while  a simple  Golden  Section  search 

may  be  used  for  each  one-dimensional  minimization. 

Robustness 


i (q) 


Unlike  the  case  of  fault  diagnosis  in  a digital  system  wherein 
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a component  is  unambiguously  good  or  bad  ,in  an  analog  circuit  or 
system,  a component  parameter  is  either  in  tolerence  or  out  of 
tolerence.  As  such,  any  fault  diagnosis  algorithm  which  makes 
use  of  the  nominal  component  parameters  must  be  tested  for  ro- 
bustness. I.e.  how  effective  is  the  algorithm  at  locating  the 
faulty  component (s)  when  the  good  components  are  not  precisely 
equal  to  their  nominal  values.  As  such,  our  search  algorithm 
for  fault  diagnosis  was  applied  to  the  transistor  amplifier  using 
simulated  measurements  in  which  one  component  was  out  of  tolerence 
(taken  to  be  10  percent)  and  the  remaining  component  parameters 
were  in  tolerence  but  not  equal  to  their  nominal  values.  7 Of 
course,  the  nominal  values  are  used  to  define  the  since  the 
actual  value  of  the  good  components  is  unknown.  Not  surprisingly, 
this  results  in  some  ambiguity  in  the  diagnosis  process  since 
J^(r^)  can  never  b®  reduced  exactly  to  zero.  Fortunately,  the 
data  of  Table  2 resulting  from  our  "perfect”  simulation,  indicates 
that  we  have  five  orders  of  magnitude  in  which  to  work.  As  such, 
our  simulation  yielded  good  though  not  perfect  results.  In  par- 
ticular, the  algorithm  correctly  located  the  fault  in  71  percent 

of  the  trials  with  an  ambiguity  group  of  one  in  50  percent  of 

✓ 

these  cases,  and  ambiguity  groups  of  two,  three  and  four  in  the  re- 
maining cases.  Here,  the  ambiguity  group  was  taken  to  be  the  set  of 
all  r^  for  which  the  minimum  value  of  was  of  the  smallest  order 
of  magnitude  achieved  by  any  of  the  performance  measures.  The 
results  of  some  typical  simulations  are  shown  in  Table  3.  Since 
all  of  the  good  components  in  this  simulation  were  taken  to  be 
at  the  limits  of  their  tolerence  interval,  these  results  actually 
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represent  a worst  case  situation.  As  such,  we  believe  that  the 
• search  algorithm  will  yield  significantly  better  results  in  a 

"real  world"  situation,  wherein  most  of  the  components  will  have 
near  nominal  values  with  relatively  few  of  the  "good"  component 
parameters  lying  near  their  tolerence  limits. 

Hybrid  Algorithms 

Although  the  terminology  has  only  recently  been  formulated^, 

most  of  the  algorithms  which  have  been  proposed  over  the  years 

for  the  solution  of  the  fault  analysis  problem  in  analog  circuits 

and  systems  can  naturally  be  catagorized  as  either  "simulation 

g 

before  test"  or  "simulation  after  test"  algorithms.  Although 
the  preceding  development  has  been  presented  in  the  context  of  a 
"simulation  after  test"  algorithm,  many  of  the  techniques,  such  as 
the  application  of  Householder's  formula^,  are  also  applicable  to 
"simulation  before  test”  algorithms.  Indeed,  the  techniques  are 
ideally  suited  to  a hybrid  algorithm.  Here,  one  would  employ  a 
two-pass  diagnostic  algorithm  wherein  the  measured  data  vector, 
m,  is  first  compared  with  pre-simulated  data  stored  in  a fault 
dictionary.  If  the  fault  is  so  located,  the  diagnosis  process  is 
terminated.  If  the  fault  is  not  located  among  those  which  have 
been  presimulated  and  stored  in  the  fault  dictionary,  the  hybrid 
algorithm  will  then  revert  to  a "simulation  after  test”  mode  until 
a sequence  of  parameter  vectors,  r^,  and  simulated  data  vectors, 
nu,  have  been  computed  which  converge  to  the  solution  of  the 
fault  diagnosis  equations.  At  the  same  time  the  results  of  each 
of  these  "after  test"  simulations  are  stored  in  the  fault  dictionary 
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for  use  in  future  applications  of  the  test  algorithm.  As  such,  a 
fault  dictionary  is  slowly  built  up  which  includes  simulations  of 
those  failures  which  are  most  commonly  encountered  in  actual 
practice.  Such,  a hybrid  algorithm  would  seem  to  achieve  the 

f 

best  of  both  worlds.  Common  faults  would  be  found  quickly  on  the 

/ 

first  pass,  yet  the  system  would  still  have  the  "simulation  after 
test"  algorithm  upon  which  to  fall  back  when  encountering  a new 
failure  mode.  Moreover,  ATPG  requirements  would  be  greatly  re- 
duced with  only  the  most  common  faults  (say  open  and  short  circuits, 
single  failures,  etc.),  being  pre-simulated  and  the  remainder  of 
the  fault  dictionary  being  adaptively  generated  by  the  "simulation 
after  test"  algorithm  as  new  fault  modes  are  encountered.  Such  a 
hybrid  scheme  alleviates  the  necessity  of  determining  the  fault 
modes  of  a system  in  advance,  as  required  for  "simulation  before 
test"  while  simultaneously  eliminating  the  duplicate  simulations 
of  common  faults  required  for  "simulation  after  test”. 

Conclusions 

Our  purpose  in  the  preceding  has  been  the  formulation  of  a 
class  of  techniques  which  we  believe  can  serve  as  the  basis  of 
an  effective  algorithm  for  fault  diagnosis  in  linear  analog  cir- 
cuits and  systems.  These  techniques  have  proven  to  be  effective 
in  the  situation  where  all  good  component  parameters  are  "near' 
nominal  and  give  promise  of  sufficient  robustness  to  cope  with 
the  "real  world"  situation,  in  which  the  good  component  parameters 
are  in  tolerence  though  not  nominal. 

Although  the  presentation  has  been  formulated  in  the  context 
of  a "simulation  after  test”  algorithm,  the  techniques  presented 
are  also  applicable  to  "simulation  before  test"  and  hybrid  algorithms. 
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Table  2.  Fault  Analysis  for  Transistor  Amplifier  (Cont:) 
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I . Introduction 

An  approach  to  built-in  testing  (BIT)  for  electronic 
circuits  and  systems  i3  outlined.  The  approach  assumes  a 
two- level  hierarchical  architecture  in  which  a central  micro- 
processor controls  and  coordinates  the  testing  of  a number  of 
sub-systems  each  of  which  has  built-in  test  equipment  (BITE) 
such  as  sensors  and  a nanoprocessor  for  preprocessing  the  test 
data  prior  to  transmission  to  the  central  microprocessor.  The 
approach  allows  for  on-line  fault  detection  and  prediction  up 
to  the  level  of  an  SRA  (shop  replaceable  assembly)  and  off-line 
fault  diagnosis  within  the  various  SRA's. 

Section  II  is  devoted  to  a description  of  the  BIT  system 
architecture.  This  two  level  structure  has  been  formulated 

I 

to  be  applicable  either  at  the  printed  circuit  board  level 
in  which  the  SRA's  represent  individual  devices  (IC  chips, 
elementary  components,  etc.)  or  at  the  level  of  an  entire  elec- 
tronics system  in  which  the  SRA's  represent  printed  circuit 
boards . 

The  third  section  of  the  paper  is  devoted  to  a study  of 
the  fault  diagnosis  problem.  In  either  the  case  of  a linear  or 
nonlinear  circuit  it  is  shown  that  this  problem  can  be  reduced 
to  the  solution  of  a set  of  simultaneous  nonlinear  algebraic 
equations.  In  the  proposed  BIT  architecture  a linearization  of 
these  equations  is  used  on-line  for  fault  detection  and  predic- 
tion whereas  the  full  set  of  nonlinear  equations  are  used  off- 
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line  for  fault  diagnosis  within  the  SRA. 

Two  algorithms  for  fault  prediction  are  described  in 
section  IV.  Both  are  essentially  curve  fitting  algorithms 
implemented  on  the  central  test  microprocessor  in  a time 
multiplexed  mode.  Here  the  up  periodically  receives  test 
data  from  the  various  SRA's,  and  extrapolates  this  data  to 
determine  whether  or  not  the  SRA  is  likely  to  fail  in  the 
near  future.  The  final  section  of  the  paper  is  devoted  to  a 
discussion  of  the  concept  of  . r-testing;  in  particular,  the 
possibility  of  3elf  testing  in  a predictive  mode. 

At  the  time  of  this  writting  the  approach  to  built-in 
testing  described  has  yet  to  be  fully  implemented.  It 
is,  however,  predicated  on  several  years  of  research  in  the 
area  and  each  of  its  constituant  sub-systems  has  been  exten- 

l 

17  18  19 

sively  simulated  ' ' . At  the  present  time  the  hardware 

implementation  of  the  various  algorithms  is  under  investigation 
^'^■6and  we  hope  to  have  an  entire  BIT  system  in  operation  in 
the  near  future . 
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II.  A BIT  Architecture 

Our  basic  BIT  architecture  is  a two- level  hierarchical  - 

structure  illustrated  in  Figure  1.  Intuitively,  the  overall 
system  may  represent  a printed  circuit  board 


Figure  1:  Two-level  BIT  architecture, 
while  the  subsystems  represent  various  shop  replacable  assemblies 
(SRA’s ) such  as  integrated  circuits,  power  supplies,  SCR's  vac- 
cuum  tubes,  etc.  Alternatively,  the  overall  system  may  represent 
an  entire  electronics  system  with  the  SRA's  being  its  constituant 
PC  boards.  In  either  case  the  SRA's  may  be  throw-away  units  or 
units  intended  for  off-line  repair  with  built-in  test  equipment 
(BITE)  designed  to  detect  and/or  predict  faults  in  the  SRA.  For 
those  units  intendended  for  off-line  repair  the  BITE  may  also  be 
used  as  an  interface  with  an  external  test  stand  but  will  not  be 
capable  of  isolating  the  failure  within  the  SRA. 


60 


This  structure  is  motivated  by  several  years  of  basic  re- 
search into  the  relative  computational  complexity  of  the  three 

fundamental  problems  of  fault  analysis;  fault  detection,  fault 

9 

diagnosis,  and  fault  prediction  . The  latter  problem  requires 

18  19 

considerable  computational  power  * but  need  only  be  carried  out 
at  widely  spaced  test  intervals,  say  one  test  per  hour  (minute, 

t 

second,  ?)  . As  such,  a single  central  microprocessor  can  be  time 
multiplexed  through  the  testing  of  a large  number  of  subsystem 
parameters  thereby  achieving  the  required  computational  power  for 
the  fault  prediction  algorithm  while  still  holding  the  amount  of 
dedicated  test  equipment  within  reasonable  bounds10. 

While  fault  diagnosis  cam  be  carried  out  with  considerable 
success  the  process  requires  significant  computational  power  (at 
least  a mini  by  today's  standards)  and  lenghty  computer  runs7'11,17. 
As  such,  fault  diagnosis  within  an  SRA  is  done  off-line  on  an  ex- 
ternal test  stand  containing  the  required  mini  (or  maxi)  computer. 
Each  SRA,  however,  will  include  sufficient  BITE,  say  a nanoprocessor, 
to  collect  and  condition  test  data  on  the  SRA  to  be  periodically 
communicated  to  the  central  microprocessor  for  purposes  of  fault 
prediction  and  detection. 

Fortunately,  both  of  these  endeavors  may  be  achieved  using  a 
model  of  the  SRA  linearized  about  its  nominal  values  and  hence  can 
be  implemented  with  relatively  little  computational  power  built  into 
the  SRA12.  For  fault  prediction  in  particular,  one  is  interested  in 
tracking  various  internal  parameters  of  the  SRA  as  they  drift  from 
nominal  to  their  tolerence  limit.  Since  the  tolerence  interval  is 
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typically  only  a few  percent  this  can  be  achieved  with  a 
linearized  model.  For  castastrophic  errors  a linearized 
model  may  be  used  to  detect  failures  even  though  it  is  not 
sufficiently  accurate  for  fault  diagnosis.  As  such,  the 
BITE  within  an  SRA  may  be  kept  within  reasonable  bounds 
while  still  delivering  sufficient  data  to  the  central  micro- 
processor for  its  fault  prediction  and  fault  detection  tasks. 

If  needed,  fault  diagnosis  within  an  SRA  can,  however,  be 
done  off-line  with  the  BITE  simply  serving  as  an  interface  be- 
tween the  SRA  and  an  external  test  stand. 

A final  aspect  of  the  BIT  architecture  is  the  communication 
link  between  the  SRA's  and  the  central  microprocessor.  Here, 
one  desires  to  keep  the  wiring  between  the  SRA's  and  the  central 
microprocessor  at  a minimum  and  simultaneously 
have  all  data  transmitted  to  the  central  microprocessor  in  a 
uniform  format  to  permit  interchangability  of  component 
parts  within  the  system.  Although  the  details  of  this  communi- 
cations link  have  yet  to  be  formalized  the  existence  of  an  active 
computing  capability  in  each  SRA  gives  one  considerable  flex- 
bility.  As  such,  we  believe  that  it  will  be  possible  to  work 
with  a single  test  bus1®.  Here,  the  central  microprocessor  re- 
quests data  from  the  individual  SRA's  by  transmitting  a signal  on 
the  bus.  This  signal  is  received  by  the  built-in  nanoprocessor 
in  the  SRA  which,  in  turn,  transmits  appropriately  conditioned 
test  data  back  to  the  central  microprocessor  on  the  same  bus. 

The  above  described  BIT  architecture  would  seem  to  achieve 
most  of  the  requirements  for  a built-in  testing  system. 
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i) . Continous  on-line  fault  prediction  and  detection  to  an 
SRA  is  achieved. 

ii) . The  system  includes  an  interface  for  off-line  fault  diag- 
nosis within  an  SRA. 

iii) . Dedicated  test  equipment  represents  a small  percentage  of 
the  total  system. 

iv) . Busing  is  minimized  and  test  data  is  transmitted  to  the 
central  microprocessor  in  a uniform  format  thereby  faci- 
litating component  interchangability . 


-5  ; 


i 

- 


O 

m 


^ VH'  !)'  n \ .*»’ 


63 


III.  Fault  Diagnosis 

For  the  purposes  of  doing  fault  diagnosis  we  work  with  a 
component  connection  model  for  the  circuit  or  system  under 


test  which  takes 

for  form 

1. 

bi  * Zi(s,r)ai 

and 

a - + 

2. 

y - L21b  ♦ L22 

in  the  frequency  domain, 6 ' ^ "“2 . Here  Z^(s,r)  i3  the  transfer 
function  of  the  ith  circuit  or  system  component  where  R ■ col(r^) 
i3  the  vector  of  unknown  component  parameters  and  s is  the  complex 
frequency  variable.  Typically,  the  unknown  component  parameters 
take  the  form  of  amplifier  gains  and  cut-off  frequencies,  pole  and 
zero  positions,  resistances,  inductances,  etc.  In  particular,  it 
is  assumed  that  enough  parameters  are  employed  to  completely 

characterize  the  performance  of  the  device.  The  L. . are  known 

1 J 

connection  matrices,  a - col(a^)  and  b » col(b^)  are  composite 
vectors  of  component  inputs  and  outputs  respectively,  and  u and  y 
are  the  test  input  and  output  signals  respectively.  In  the  nonlinear 
case  the  component  equations  are  replaced  by  the  state  models 

3.  - f^CX^a^r) 

7 i* 1,2,  ...  ,n 

* gi(Xi,ai,r) 

with  the  connection  equations  remaining  as  in  2.  Although  these 
component  connection  models  for  a circuit  or  system  are  non- 
classical  they  are  widely  used  in  large-scale  system  simulation 
and  computer-aided  circuit  design  and  are  readily  amenable  to  the 
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"computer  speed-up  techniques"  developed  for  these  appli- 
12 

cations  . As  such,  they  are  ideally  suited  for  the  fault 
diagnosis  problem. 

Combining  1.  and  2.  yields  the  fault  diagnosis  equa- 

. . 7 

tion  . 


4.  ^ + L21(l-Z (s,r)L11)-1Z(s,r)L12 

where  Z(s,r)  » diag (Z^ (s ,r) ) and  Sm  is  the  measured  trans- 
fer function  relating  the  input  test  signal  u to  the  output 
test  signal  y.  The  solution  of  the  fault  diagnosis  problem 
therefore  amounts  to  the  solution  of  4.  for  the  parameters 
vector,  r,  given  Sm  and  the  connection  matrices.  Although  it 

is  possible  to  give  an  analytic  description  of  all  possible 

12  13 

solutions  to  this  equation  ' given  any  fixed  value  for  the 
complex  frequency  variable,  s,  in  a "real  world"  situation 
the  number  of  unknowns  greatly  exceeds  the  number  of  equations 
and,  as  such,  the  analytic  representation  of  the  solution 
manifold  proves  to  be  of  little  value.  This  difficulty  is 
alleaviated  via  a multi- frequency  diagnosis  algorithm  wherein 
one  writes  the  set  of  simultaneous  equations 

5.  S(s^,r)  *■  Ljj  ^ f (1— Z ( s-, , r ) ^ ) ^Z(s^,r)L^2 

S(s2,r)  * 1*22  ^ (1— Z (s^ ,r)  1^ ^ ) ^~Z (s^ ,r) ^ 

• • 

• • 

• • 

S (Sjc,r)  ■ 1*22  ^ ^*2^  (1“Z  (^r)ljj)  ^Z  (s^.  ,r)  ^ 
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where  k different  complex  frequencies  are  used  in  equation  4 . 
simultaneously.  The  interesting  and  somewhat  surprising  result 
is  that  the  additional  equations  in  5.  may  be  independent  thus 
increasing  the  number  of  fault  diagnosis  equations  without  in- 
creasing the  number  of  its  unknowns^.  While  the  set  of  simul- 
taneous equations  5,  often  has  a unique  solution,  no  analytic 
solution  technique  is  known  and  we  must  resort  to  time  con- 
summing  numerical  solution  procedures  carried  out  off-line. 

Although  the  multi- frequency  fault  diagnosis  equations  of 
5.  do  not  admit  an  analytic  solution  their  numerical  solution 
can  be  significantly  speeded  up  by  careful  analysis  of  the 
equations.  In  particular,  a little  algebra6 ' 12will  reveal  that 


6. 


L21(l-Z(si,r)L11) 


[1  * 


showing  that  one  can  compute  the  partial  derivaties  required 
for  the  numerical  solution  to  5.  analytically.  Moreover,  if 
one  observes  that  the  inverse  matrix  required  to  compute  the 
partial  derivaties  in  equation  6,  is  precisely  the  same  inverse 
matrix  required  to  evaluate  the  multi- frequency  fault  diagnosis 
equations  5.  it  is  seen  that  the  partial  derivative  information 
is  obtained  at  virtually  no  computational  cost  over  and  above 
that  required  for  the  evaluation  of  the  equations.  In  a similar 
vain  one  can  reduce  the  computation  required  to  compute  the  in- 
verses at  different  complex  frequencies  by  intergrating  the 
differential  equation 


? 
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7. 

using  the  inverse  computed  at  one  particular  frequency  as  a 
2 14 

starting  point  ' . Although  of  extremely  high  dimension  this 

equation  is  easily  integrated  without  the  requirement  for 
matrix  inversions.  With  the  aid  of  these  observations  it  is 
possible  to  carry  out  an  entire  iteration-  of  a 

Newton-Raphson  algorithm  for  the  solution  of  the  multi- frequency 
fault  diagnosis  equations  with  the  aid  of  only  a single  matrix 
inversion. 

Although  one  does  not  have  a "neat"  set  of  equations  such 
as  those  described  above  for  the  solution  of  the  fault  diagnosis 
problem  in  a nonlinear  circuit  or  system, surprisingly  similar 
computational  techniques  can  be  invoked  in  the  nonlinear  case. 
The  key  to  these  techniques  is  the  replacement  of  the  multi- 
frequency information  of  the  linear  case  by  a family  of  integral 
performance  measures  on  the  test  signals,  u and  y.  These  play 
exactly  the  same  role  in  nonlinear  fault  diagnosis  as  played  by 
the  frequence  information  in  the  linear  case,  allowing  one  to 
formulate  multiple  independent  fault  diagnosis  equations  from 
the  same  test  signals. 

3 12 

In  the  nonlinear  case/ the  sparse  tableau  algorithm  'is 
used  to  evaluate  the  fault  diagnosis  equations  at  each  iteration 
of  a Newton-Raphson  algorithm.  As  in  the  linear  case  this 
algorithm  allows  one  to  compute  the  derivative  re- 
quired for  the  Newton-Raphson  algorithm  with  essentially  no 

rj 
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additional  computational  cost  over  and  above  that  required 
for  the  evaluation  of  the  equations  ' ' . It  is  possible  to 

obtain  significant  computational  gains  in  the  solution  of  the  fault 
diagnosis  equations  in  the  nonlinear  case  as  well  as  the  linear 
case,  by  optimally  exploiting  the  computational  efficiencies  in- 
herent in  the  sparse  tableau  formulation  for  an  electronic  circuit 
or  system. 

Even  using  computational  efficiencies  which  are  possible  for 
solving  the  fault  diagnosis  equations,  this  method  is  still  long  and 
tedious  and  not  well  suited  to  on-line  implementation  in  a BIT  sys- 
tem. It  is  thus  recommended  that  linearization  of  the  fault  diagnosis 

equations  be  used  instead.  Although  far  less  accurate  than  the 

12 

solution  of  the  full  set  of  fault  diagnosis  equations  , we  believe 
that  in  the  context  of  the  previously  described  BIT  architecture 
linearization  of  the  fault  diagnosis  equations  will  prove  to  be 
viable.  From  the  point  of  view  of  fault  prediction  one  is  inter- 
ested only  in  tracking  the  unknown  parameter  vector  r,  from  its 
nominal  value  to  its  tolerence  limit,  (a  few  oercent  deviation  from 
nominal) . This  is  a region  in  which  the  solution  of  the  linearized  fault 
diagnosis  equations  should  be  quite  accurate.  On  the  other  hand, 
if  a catastrophic  fault  occurs , solution  of  the  linearized 
equations  will  detect  the  fault  though  it  may  fail  to  accurately 
diagnosis  it.  In  this  case,  however,  the  linearized  test  data 
and  its  associated  BITE  may  be  employed  as  an  interface  between 
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the  SRA  and  an  external  test  stand.  As  such,  the  use  of 
linearized  fault  diagnosis  equations  will  suffice  in  the 
context  of  our  BIT  architecture. 

From  the  point  of  view  of  on-line  analysis  in  a BIT 
system  the  solution  of  the  linearized  fault  diagnosis 
equations  is  computationally  reasonable.  Since  the  linear- 
ization is  done  about  the  nominal  value,  it  may  be  precomputed 
(via  equation  6.  in  the  linear  case  and  the  corresponding 
equation  in  the  nonlinear  case)  and  its  inverse  may  be  pre- 
computed. Thus,  the  implementation  of  an  algorithm  for  the 
solution  of  the  linearized  fault  diagnosis  equations  requires 
only  a single  matrix  multiplication,  the  matrix  having  been 
precomputed  off-line  and  stored  in  a ROM. 


¥ 
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IV.  Fault  Prediction 

In  the  context  of  the  previously  described  BIT  archi- 
tecture the  primary  role  of  the  central  microprocessor  is  to 
periodically  collect  data  from  the  individual  SRA's  character- 
izing their  internal  parameter  vectors,  r.  This  data  is  then 
used  to  detect  and  predict  failures  of  the  SRA.  When  a failure 
is  detected,  the  centra.'  microprocessor  signals  this  fact  and 
the  SRA  is  replaced  and/or  taken  to  an  external  test  stand  for 
repair.  If  no  failure  is  detected,  the  role  of  the  central  micro- 
processor is  to  compare  the  present  data  with  previously 
measured  values  in  an  endeavor  to  predict  whether  or  not  failure 
is  imminant.  In  this  instance  predicted  failure  of  the  SRA 

would  be  signaled  in  a effort  to  replace  the  device  before  its 

20 

actual  on-line  failure. 

For  any  particular  device  one  can  collect  statistical  data 
on  which  to  base  a fault  prediction  algorithm.  However,  in 
a practical  BIT  setting  where  the  same  fault  prediction  algor- 
ithm is  multiplexed  through  the  testing  of  many  different  SRA's, 
it  is  necessary  to  use  an  algorithm  which  is  independent  of 
the  specific  properties  of  the  parameter  under  test.  As  such, 

for  our  BIT  syste,  we  expect  to  emply  a curve  fitting 
20 

algorithm  . Although  less  accurate  than  a statistically  based 

18  19 

algorithm,  we  have  shown  by  simulation  ' , that  such  an 

algorithm  can  be  employed  as  a satisfactory  fault  predictor. 

Such  algorithms  are  computationally  simple  thus  permitting  a 
single  central  microprocessor  to  be  multiplexed  through  the 
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testing  of  a large  number  of  SRA's15.  Moreover,  if  one 
assumes  that  the  data  delivered  by  the  SRA  to  the  central 
microprocessor  has  been  uniformly  normalized,  the  fault 
prediction  algorithm  will  be  completely  independent  of  the 
parameter  under  test.  As  such,  one  is  in  a position  to 
completely  standardize;  the  central  microprocessor  in  a BIT 
system  so  that  changes  in  an  SRA  do  not  demand  corresponding 
changes  in  the  fault  prediction  algorithm. 

Over  the  past  several  years  we  have  investigated  several 

approaches  to  the  fault  prediction  problem5,15'16,18,19'20. 

The  first  is  extremely  naive  but  has  yielded  surprisingly 

18  19  20 

effective  results  in  simulation  Basically,  one 

collects  data  at  periodic  intervals , fits  the  data  with  a 
second  order  polynomial,  and  solves  the  quadradic  equation 
to  estimate  the  time  at  which  the  parameter  will  go  out  of 
tolerence.  The  success  of  this  algorithm  is  due  to  the  fact 
that  one  is  not  really  interested  in  the  accuracy  of  the  failure 
time  estimate  but  only  the  accuracy  of  the  binary  decision 
(based  on  this  estimate)  whether  or  not  to  replace  the  SRA. 
Moreover,  this  binary  decision  is  only  made  when  failure  is 
expected  in  the  near  future,  a region  of  time  in  which  a 
polynomial  extrapolation  is  reasonably  accurate.  I.e.,  if  failure 
is  estimated  to  take  place  in  3 years  even  if  the  estimate  is 


off  by  90%,  the  decision  not  to  replace  the  SRA  at  this  time 
will  still  be  correct. 

A fault  prediction  algorithm  based  on  the  above  des- 
cribed second  order  polynomial  extrapolation  has  been  exten- 
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sively  studied  by  Tung  and  this  author  on  some  10,000  complete 

18  19 

• simulated  operations  of  the  algorithm  ' . Most  of  these 

simulations  were  carried  out  on  artificial  data  generated  by 

a library  of  special  functions  to  which  a noise  term  was  added. 

• These  special  functions  included  some  highly  complex  non-mono- 
tonic  curves.  Additionally,  curves  based  on  the  empirical 

drift  formula  for  thin  film  resistors  were  studied  (R(t)  » Ata 

I 18  19 

where  a lies  between  .3  and  .5)  ' . In  both  cases,  random 

noise  with  amplitudes  of  up  to  25%  of  the  tolerence  interval 

was  added  to  the  data.  The  result  of  these  simulations,  which 

we  believe  to  represent  an  environment  which  is  more  extreme 

then  the  "real  world",  was  that  99.5%  of  all  SRA’s  were  replaced 

before  on-line  failure  at  a cost  of  about  10%  of  their  lifetime. 

At  the  present  time  a somewhat  more  sophisticated  fault 

prediction  algorithm  is  under  development5.  This  is  still 

essentially  a curve  fitting  algorithm  though  one  in  which  a 

• 1 

failure  model  (founded  in  modern  reliability  theory  ) is  em- 
ployed. The  basic  idea  for  this  algorithm  is  as  follows.  The 
drifting  SRA  parameter,  r,  is  assumed  to  satisfy  a difference 
equation 

8.  r (k+1)  - r(k)  + f(k) 

I 

where  the  "component  time"  k represents  the  number  of  shocks 


probability  of  the  SRA  receiving  n shocks  in  a time  interval 
of  length  t is 


9.  Pn(t)  - (ct)ne"ct/ln_ 

It  is  assumed  that  the  value  of  the  parameter  r is  known 

for  a fixed  set  of  points  in  "real  time";  r (t, ) ,r (t-) , . . . ,r(t  ). 

a z m 

Using  this  data  we  desire  to  estimate  the  unknown  failure  dy- 
namics, f(k),  for  the  SRA  parameter.  This  is  then  used  in 
equation  8.  to  compute  the  number  of  shocks  required  to 
cause  failure;  i.e.  the  smallest  value  of  k for  which  r(k) 
is  out  of  tolerence.  Finally,  this  estimate  is  used  to 
compute  the  optimal  "real  time"  at  which  to  replace  the  SRA 
to  minimize  the  coat  functional 

10.  J » cfPf  + cwW 

Here,  Pf  is  the  probability  of  on-line  failure,  W is  the 
average  percentage  of  SRA  lifetime  which  is  wasted  by  re- 
placing the  SRA  before  its  actual  failure  and  c^  and  cw 
are  weighting  factors. 

Note  that  the  implementation  of  the  above  described 
Poission  shock  based  fault  prediction  algorithm  requires 
that  we  deal  simultaneously  with  two  unknown  phenomena: 
the  failure  dynamics,  f(k),  and  the  random  relationship 
between  "real  time"  and  "component  time"  given  by  the 
Poission  distribution.  Although  the  required  analysis  is 
complex  a surprisingly  tractable  (and  optimal  in  an  appro- 
priate sense)  fault  prediction  algorithm  can  be  formulated. 
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The  properties  of  the  Poission  distribution  are  used  to 
estimate  the  number  of  shocks  which  the  SRA  has  received 
in  the  time  intervals  [ti  , t^];  in  combina- 

tion with  a generalized  inverse  algorithm  to  estimate  f(k). 
f (k)  is  approximated  by  a jth  order  polynomial  and  one  must 
compute  the  generalized  inverse  of  an  m by  j matrix.  Fortun- 
ately, the  algorithm  is  ideally  suited  to  a sequential  least 

g 

squares  technique  and  no  matrix  inversions  need  be  carried  out 
on-line.  Once  f(k)  has  been  estimated  to  a satisfactory 
level  of  accuracy  (by  increasing  the  order  of  the  approximating 
polynomial  until  the  estimation  error  is  reduced  to  a prescribed 

level)  it  is  used  with  equation  8.  to  compute  the  number  of  shocks, 
required  for  the  parameter  to  go  out  of  tolerence.  Finally, 

this  value  is  used  in  conjunction  with  the  Poission  dis- 
tribution to  determine  the  optimal  "real  time"  at  which  to 
replace  the  SRA.  Although  apparently  complex f this  latter 
optimization  can  be  reduced  by  analytic  techniques  to  the 
solution  of  a single  nonlinear  equation  in  one  variable 
As  such,  the  entire  fault  prediction  algorithm  may  be  easily 
implemented,  on-line,  in  a BIT  system.  Unlike  the  second 
order  curve  fitting  algorithm  the  Poission  shock  algorithm 
for  fault  prediction  is  still  under  development  and  its 
simulation  on  "real  world"  data,  is  just  beginning. 

From  the  point  of  view  of  our  BIT  architecture  where 
the  central  microprocessor  is  dedicated  exclusively  to  the 
fault  prediction  job  (plus  bookkeeping  and  control  of  the 
test  communications  link),  we  anticipate  little  difficulty  in 
implementing  either  of  our  fault  prediction  algorithms.  The 
key  to  the  viability  of  the  concept,  however,  is  to  make  the 
algorithm  fast  enough  so  that  a single  central  micro- 
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processor  can  be  time-multiplexed  to  test  a large  number  of 
parameters.  In  an  effort  to  verify  the  feasibility  of  such 
an  approach,  we  are  presently  in  the  process  of  implementing 
the  second  order  curve  fitting  algorithm  on  an  F8  micro- 
processor15.  Although  the  implementation  has  yet  to  be 
completed,  most  of  the  sub-programs  have  been  written  and 
tested  and  it  appears  that  the  program  will  require  about 
500  bytes  of  memory  and  execute  in  about  30  milliseconds.  As 
such,  the  central  microprocessor  whould  be  able  to  cycle 
through  the  testing  of  about  2000  parameters  at  one  minute  in- 
tervals. 
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V.  Self  Testing 

An  interesting  side  effect  of  running  a BIT  system  in  a 
predictive  mode  is  that  it  opens  the  possibility  of  reliable  self 
testing.  The  key  observation  is  that  to  do  fault  prediction  in  a 
digital  device  one  must  test  analog  oarameters  such  as  rise  time, 
power  supply  voltage,  clock  rate,  pulse  widths,  etc.  since  digital 
parameters  are  either  right  or  wrong  and  have  no  gray  region  from 
t which  to  extrapolate  trends.  One  may,  therefore,  use  a microprocessor 
to  predict  its  own  failure  by  extrapolating  the  values  of  its  analog 
parameters-  As  long  as  the  prediction  is  made  before  these  parameters 
I go  out  of  tolerence  and  the  digital  performance  of  the  microprocessor 
is  still  exact.  The  point  is  that  in  a predictive  mode  the  micro- 
processor is  still  working  at  the  time  it  predicts  its  own  failure 

• and  hence  may  be  used  reliably  in  a self  testing  mode.  Of  course, 

once  the  analog  perameters  of  the  microprocessor  have  exceeded  their 
tolerence  limits,  it  may  no  longer  be  trusted  as  a digital  signal 

* processor  and  hence  the  device  cannot  be  used  to  diagnose  its  own 

faults  after  failure. 

Although  the  above  described  self  testing  concept  is  purely 
conceptual  and  has  yet  to  be  implemented  or  even  simulated,  it  is 
indicative  of  the  potential  of  fault  prediction  in  a BIT  system. 

Indeed,  if  one  can  reliably  predict  failure  before  it  actually  takes 
place,  such  concepts  as  self  repair  move  into  the  realm  of  feasi- 
bility, since  at  the  time  a replacement  decision  is  made  the  device 

under  test  is  still  working. 

I 

I 

I 


: 


VI . Conclusions 


Our  purpose  in  the  preceding  has  been  to  outline  an  approach 
for  designing  a built-in  test  system  applicable  to  electronic 
circuits  and  systems.  Although  not  yet  implemented  in  hardware, 
each  of  the  constituent  parts  of  the  BIT  system  have  been  exten- 
sively simulated  and  we  believe  that  a hardware  implementation  is 
feasible  both  computationally  and  economically.  At  the  present 
time,  we  are  implementing  the  polynomial  curve  fitting  algorithm 
for  fault  prediction  in  hardware  and  are  in  the  preliminary  stages 
of  implementing  the  entire  system  in  a high  voltage  power  supply. 
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I . Introduction 


Fault  analysis  processes,  have  been  and  will  continue  to  be  very 
significant  factors  in  the  safety  and  reliability  of  electrical 
systems.  This  is  especially  true  due  to  the  following  facts:  a 
rapid  advancement  in  the  complexity  and  size  of  modern  systems, 
increased  availability  and  capabilities  of  computers,  and  rapidly 
changing  technologies  in  integrated  circuit  fabrication.  Due  to 
this,  fault  analysis  has  become  much  more  than  an  academic  re- 
search topic.  Fault  analysis  is  applicable  in  an  industrial  en- 
vironment to  minimize  cost,  extend  the  lifetime  of  the  overall 
system,  control  maintenance  schedules,  and  effectively  plan  man- 
power needs . 

Although  considerable  effort  has  been  expended  during  the 
past  decade  to  develope  techniques  for  fault  detection  and  diag- 
nosis in  both  analog  and  digital  electronic  circuits^-  little 
attention  has  been  given  to  the  possibility  of  formulating  algor- 
ithms for  fault  prediction.  To  accurately  predict  a fault,  a 
device  must  be  tested  at  periodic  maintenance  intervals.  If  the 
device  fails  or  does  not  operate  correctly,  it  is  replaced 
immediately.  The  device  may  be  assumed  good  if  its  character- 
istics are  in  tolerence.  However,  if  the  characteristics  are  slightly 
off  nominal,  but  the  device  still  operates  correctly,  one  can 
attempt  to  predict  if  the  device  will  fail  before  the  next  scheduled 
maintenance  interval.  If  device  failure  is  predicted,  it  can  be 
replaced  before  failure  occurs  as  part  of  planned  preventative 
maintenance. 

With  the  advent  of  the  low-cost  microprocessor,  on-line  fault 
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prediction  is  possible  and  practical.2  A curve  fitting  algorithm 

for  on-line  fault  prediction  was  first  introduced  by  Saeks,  Liberty 
i 3 4 5 

f an£*  Tung  ' ' in  1975.  It  was  assumed  that  prior  life-time  statis- 

> tics  for  the  system  under  test  were  known.  Also,  performance  data 

[ 

, of  the  system  at  each  maintenance  interval  were  collected.  The 

application  of  these  data  to  a second  order  polynomial  equation  re- 
sulted in  am  estimation  of  the  time  at  which  the  component  under 
test  would  exceed  tolerance  limits.  Based  on  a criterion  of  simul- 
taneously minimizing  on-line  failures  and  maximizing  component  life- 
time, a decision  as  to  whether  or  not  the  component  should  be  re- 
placed is  made  at  each  maintenance  interval. 

The  disadvamtages  of  this  curve  fitting  algorithm  are:  the 
application  is  limited  to  failures  due  to  permanent  overstress,  the 
second  order  polynomial  is  too  simple  to  describe  the  performance 
of  the  component,  and  the  prior  lifetime  statistics  for  the  com- 
ponent are  often  not  available. 

Another  area  where  an  extensive  research  effort  is  being 

applied  is  shock  models  and  wear  processes.  Esary,  Marshall  and 
6 7 8 

Proschan  ' ' introduced  a shock  model  for  the  life  distribution 
of  a component  subjected  to  a sequence  of  shocks  randomly  occuring 
in  time  according  to  a homogeneous  Poisson  process.  They  also 
considered  the  related  shock  models  in  which  each  shock  caused  a 
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Saeks-Liberty-Tung  algorithm  will  be  discussed  in  the  present 
9 

paper.  In  the  following  section,  a model  for  the  failure  dynamics 
of  a system  component  parameter  is  formulated.  Here,  it  is  assumed 
that  the  faulure  is  due  to  the  component  being  subjected  to  a se- 
quence of  Poisson  distributed  shocks10, 11  with  the  measurable  para- 
meter being  controlled  by  an  unknown  difference  equation  whose 
underlying  discrete  "component  time"  process  is  defined  by  the  number 
of  shock  to  "Which  the  component  has  been  subjected.  Since  both  the 
failure  dynamics  (i.e.  the  difference  equation)  and  the  relation- 
ship between  "component  time"  and  real  time  are  unknown,  our  fail- 
ure model  is  doubly  stochastic.  The  third  section  of  the  paper  is 
devoted  to  the  formulation  of  an  algorithm  for  estimating  the  com- 
ponent failure  dynamics  and  its  "lifetime",  defined  to  be  the  number 
of  shocks  required  to  cause  component  failure.  This  is  followed  by 
the  formulation  of  an  "optimal"  replacement  theory  wherein  the 
optimal  real  time  at  which  to  replace  a component  is  computed  in 
terms  of  its  estimated  "lifetime".  Finally,  the  results  of  a simu- 
lation of  the  algorithm  in  both  an  ideal  and  noisy  environment  are 
presented  and  compared  with  the  simulated  performance  for  several 
fixed  replacement  schedules. 

II.  Failure  Dynamics 

The  performance  of  an  analog  device  subject  to  a series  of 
discrete  shocks  (switching  process,  improper  operation,  etc...)  may 
drift  due  to  the  shock  damage.  Let  C(N)  represent  values  of  a 
particular  component  parameter,  where  the  "component  time",  N, 
denotes  the  number  of  shocks  the  component  has  received.  It  is 
assumed  that  the  drifting  parameters  can  be  described  by  a first 
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order difference  equation  of  the  form: 

1.  C (N+l)  = C (N)  - a - a.N  - a-N2  - ...  - a.N11  C(0)  = 1 

o i *•  n 

Here,  the  coeficients  and  order  of  the  "forcing  polynomial"  are 
assumed  to  be  unknown  and  must  be  estimated  as  part  of  the  fault 
prediction  process.  A little  algebra  together  with  the  standard 
recursive  formula  for  solving  a difference  equations  will  reveal 
that 

/ 

N-l  h 

2.  C(N)  - 1 - l l a j1 

j=0  i=0  1 

Now,  if  the  tolerence  limit  for  the  component  parameter  is 
taken  to  be  C = 0,  we  may  define  the  lifetime  of  the  component  to 
be  the  smallest  integer,  N,  for  which  C(N)  <_  0.  This  integer  which 
we  denote  by  L then  represents  the  number  of  shocks  necessary  to 
cause  the  component  to  fail. 

Consider  a simple  example  where  the  "forcing  polynomial"  is 
taken  to  be  of  the  first  order  with  positive  coeficients.  Then  1. 
reduces  to 


C (N+l)  = C(N)  -a  -a.N  ; C(0)  - 1 

o 1 

From  equation  2.  C(N)  can  thus  be  expressed  as 


C (N)  - 1 - aQN 


N (N-l)  . 

2 al 


+The  concepts  described  herein  carry  over  without  modification  to 
the  case  where  the  failure  model  is  characterized  by  higher  order 
difference  equations.  The  first  order  model,  however,  suffices  to 
illustrate  the  theory  and  his  hence  used  throughout  the  present 
paper. 
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Then  the  lifetime  of  this  component  is  the  smallest  integer  satis- 
fying the  equation 


Where  k is  a given  constant  representing  the  average  number  of 
shocks  per  unit  time.  Therefore,  (kt)  is  the  average  number  of 
shocks  in  the  time  interval  t. 

If  a component  with  lifetime  L is  subjected  to  Poisson  shock 
with  constant  k the  probability  that  it  will  fail  (i.e.  receive  at 


least  L shocks)  by  time  t,  is  then  given  by  the  formula 
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L-l 

F(t)  - l Pn(t) 
n=0  n 


L-l 

l e'kt  (kt)n 
n=0  n I 


Thus,  even  though  the  lifetime  of  our  component  is  integer  valued, 
in  our  model  the  actual  failure  time  is  continuously  distributed 
since  the  time  at  which  the  component  receives  the  Lth  shock  is 
continuously  distributed. 

III.  Estimation  of  Failure  Dynamics  and  Lifetime 

In  a periodic  maintenance  system,  the  performance  of  a component 

is  measured  at  each  maintenance  interval  nT.  That  is  to  say, 

(Ci,  Cj , 0^)  is  the  performance  data  taken  at  maintenance  times 

(T  , 2T,  ...,  gT) . The  estimation  problem  can  be  stated  as: 

"Given  performance  data  (C^  C2,  ...,  Cg)  , T and  k,  estimate 

the  unknown  constants  (aQ,  a.^,  — , a^)  of  the  failure  dynamics." 

Since  it  is  assumed  that  the  system  is  subjected  to  Poisson  Shock 

with  constant  k,  the  expected  number  of  shocks  in  each  maintenance 

interval  is  kT.+  As  such,  if  we  assume  that  C is  the  value  of 

m , 

the  component  parameter  at  N * mkT,  then  upon  substituting 

C * C(mkT)  into  equation  2.  we  obtain 
in 


mkT-l  n mkT-1  . 

I a0j°  * l »ll  * 

j-0  u j=o  l 


mkT-1 


+ E ahD 

j-0  n 


■ h 


1 - C. 


m 


where  m = 1,  2,  3,  ....,  g or  in  the  matrix  form: 


"^Although  not  theoretically  necessary,  we  assume  that  kT  is  an  integer. 

i 





i ¥.*  ' > 
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kT_1  .0  kr_1  .1  kr"1  .h 

I 3 l 3 l 3 

j-o  j-0  j=o 


2kT-l  n 2kT-l  , ^ Hi  I 

4.  JA  A [ j°  l j1 I 3h  ai 

j-0  j=0  j=0 


2kT-l 


i-C2  4 Z 


gkT-1  0 gkT-1  L gkT-1  h 

l 3 l 3 l 3 

j=0  3=0  3*0 


Since  the  number  of  data  points,  g,  is  typically  much  greater 
than  the  order  of  the  polynomial  assumed  in  the  failure  model,  h,  it 
is  not  expected  that  equation  4.  admits  an  exact  solution.  Rather, 
we  attempt  to  solve  for  a coefficeint  vector.  A,  which  minimizes 
the  error  between  JA  and  Z.  In  particular,  if  one  adopts  a least 
squares  error  criterion  the  optimal  A is  given  by 

5.  A°  = J~Gz 

“•G  12 

where  J denotes  the  generalized  inverse  of  J.  Indeed,  if  as  is 

—G  t •l  t 

typically  the  case  J has  full  column  rank  than  J * (J  J)  J where 
"t"  denotes  matrix  transposition.  As  such,  we  take  the  A°  * 
col(a°,  a°,  ...,  a^)  as  our  estimate  of  the  coefficients  of  the 
difference  equation  characterizing  the  failure  dynamics  of  our  drift- 
ing parameter,  C,  as  per  equation  1. 

To  estimate  the  failure  dynamics  of  a drifting  parameter,  the 
proper  choice  of  the  order  h is,  in  general,  quite  difficult  and 
depends  upon  physical  considerations  and  engineering  experience. 
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Once  h is  preselected,  however,  coefficients  to  best  approximate 
the  failure  dynamics  can  be  readily  computed  via  equation  5 . The 
accuracy  of  the  resultant  estimate,  however,  is  highly  dependent 
on  the  choice  of  the  order,  h,  and  on  the  number  of  measurements 
which  are  taken,  g.  To  find  a new  set  of  coefficients  for  a 
different  combination  of  h and  g,  the  entire  calculation  procedure 
is  typically  repeated  from  the  very  beginning  which  is  impractical 
in  the  on-line  maintenance  system-  Fortunately,  sequential  refine- 
ment schemes  for  obtaining  new  sets  of  coefficients  without  re- 

. 12  13 

peatmg  the  entire  calculation  can  be  developed.  ' As  such,  it 

is  possible  to  sequentially  update  one's  estimates  of  the  parameters; 

aQ,  a^,  ...»  a^;  as  additional  measurements  are  taken  and/or  to 

increase  the  order  of  the  model  for  the  failure  dynamics  without 

repetitious  matrix  inversion.  Our  algorithm  for  estimation  of  the 

failure  dynamic  underlying  the  measured  data  my  thus  be  readily 

implemented  on-line  with  the  computational  power  presently  available 

in  today's  microprocessors.  The  matrix  algebraic  details  of  the 

12  13 

required  sequential  refinement  schemes  are  straighforward  ' and 
readily  available  in  the  literature.  As  such,  they  will  not  be 
repeated  here. 

In  practice , given  g measurements  , Cj  > . . . , taken  at 
maintenance  intervals  T,  2T,  3T,  ...,  gT,  one  sequentially  esti- 
mates the  coefficients  of  the  failure  dynamics;  a , a,,  ...,  a.  ; 

o l n 

increasing  h until  no  further  error  reduction  is  achieved.  The 
resultant  set  of  coefficients  is  then  used  in  equation  2.  to  de- 
termine the  component  lifetime,  L.  Upon  solving  the  equation. 


» 
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the  resultant  estimated  lifetime  is  found  to  be  the  smallest  in- 


teger, L,  such  that 


6. 


L-l 

l 


j=0 


h 

l a.j1  > 1 

i-0  1 


Of  course,  if  the  measured  data  is  not  decaying  towards  zero, 
i.e.  the  component  isn't  failing,  this  inequality  will  have  no 

. Q 

solution  in  which  case  we  take  L to  be  infinite. 

IV.  Replacement  Theory 

Although  the  algorithm  outlined  in  the  preceeding  secion  yields 
an  "optimal"  estimate  of  the  number  of  shocks  required  to  cause 
failure  the  time  at  which  the  Lth  shock  takes  place  is  statistical 
in  nature  and  hence,  it  still  remains  to  determine  the  optimal  (in 
an  approprate  sense)  time  at  which  to  replace  the  component.  One 
such  criterion  is  formulated  in  the  following.  For  this  purpose, 
it  is  assumed  that  L has  been  computed  to  our  satisfaction  and  we 
desire  to  choose  a time,  T , at  which  to  replace  the  component  as  a 
function  of  L.  Given  L and  Tr  we  denote  the  resultant  probability 
of  on-line  failure  (i.e.  failure  before  T ) by  P*.  Pr  = 1 - Pc 
then  denotes  the  probability  that  the  component  is  replaced  at  time 
before  it  fails.  Similarly,  we  let  Tf  denote  the  expected  time 
to  failure  for  those  components  which  fail  on-line,  we  let  T de- 
note the  expected  time  to  failure  for  all  components  and  we  let  T* 
denote  the  expected  time  to  failure  for  the  components  if  they  were 
operated  to  failure  without  replacement  (i.e.  T*  * t|  t ^ m)  . Finally, 
we  let  f_  (t)  denote  the  probability  density  function  that  the  com- 

id 

ponent  receives  the  Lth  shock  at  time  t,  given  that  the  component 
fails  on-line,  whereas,  p^(t)  represents  the  density  function  of 
the  Poisson  distribution  with  parameter  (k)  and  EL(t)  represent  the 
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corresponding  distribution  function;  i.e. 


7.  Pi(t) 


(kt)-1- 

i : 


o,  1,  2, 


8.  Et  (t)  = l p. (t) 
u i=0 


With  the  aid  of  some  elementary  calculus y pf,P^,Tf,  and  T' 
as  well  as  their  derivatives  with  respect  to  Tr»  can  be  computed 
analytically.  As  such,  upon  defining  an  appropriate  cost  measure 
an  explicit  formula  for  determining  an  "optimal"  Tr  given  L can  be 
derived.  We  begin  with  the  derivation  of  the  explicit  formula 
for  the  various  quantities  involved  in  our  replacement  theory. 

Since  a component  will  be  replaced  by  our  algorithm  if  an 
only  if  it  is  still  operating  at  time  Tr,  i.e.  if  it  has  not  yet 
received  L shocks  at  time  T # the  probability  of  replacement  is 
just  the  probability  of  receiving  less  than  L shocks  by  time  T . 

We  thus  have: 


(prop  1)  Pr  = EL(Tr) 

L-l  (kT  ) i 

pr  - l -r-r 

r i=0  1 • 


-kT 
e r 


Pi(V 


w 


(prop  2)  Pf  - 1 - EL(Tr) 


l 


I 
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(prop  3) 


Pi (t)  dt  - (1  - 2i+1(Tr)} 


Pi(t)  dt 


,T 

r 

« i r 


vi  rT 

— r t1 
i: 


e"kt  dt 


e‘kt  dt 


Using  the  identity 


m ax  , 
x e dx 


eax  l (-l)r  «;  xm~r 


(m-r)  ! ar+i 


this  becomes 


Pi(t)  dt 


k1  -kt  r . ,, 

7T  e 2.  (”D 

r=0 


r i ! t1-*  “R 

(i-r) I (-k)r+1  Jo 


. i ) -k.O  i ! -kT  r 1 

*_  < e "TTl  " e r l — 
n I k1+1  r=0  ( 


Ml-  e'kTr  I (kV ' 

I r=0  (i-r) 

1 / 1 - e-kTr  l <kTr)3 

k 1 j=0  jl 

Pi‘Tr’} 


k \ 1 ' El+l<Tr> 


11  Tr1'r  1 
( i-r) ! kr+1  J 


I 
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PL-l(t) 

(prop  4)  fL(t)  = i7--(i-5L(Tr)) 

To  derive  this  conditional  density  function  we  partition  the 
interval  (0,Tr)  into  N segments  of  length  A = Tr/N  and  we  compute 
the  probability  that  the  Lth  shock  takes  place  in  the  ith  time 
interval,  ((i-1) A,  i*A].  Since,  this  can  be  caused  by  having  L-l 
shocks  before  (i-1) A and  at  least  one  shock  in  the  interval 
( (i-1) A , iA]  or  by  having  L-2  shocks  before  (i-l)A  and  at  least 
two  shocks  in  the  interval  ((i-l)A,  iA],  etc.  the  probability  of 
failure  in  the  ith  interval  is  given  by 

L 

PL_j  ( (i-1) A) [1  - Ej (A)  ] 

9‘  = X Pi-j"1-111'  l ^r~  e'4k 

- I F:  [ I,  Uk)re-ak 

r=l  s=l 


Taking  the  probability  density  function  at  a point  t in  the  interval 
((i-1) A,  iA]  to  be  limiting  value  of  this  quanity  divided  by  A as 
A goes  to  zero10  it  is  observed  that  the  terms  of  9 . containing 
powers  of  (Ak)  greater  than  1 go  to  zero  in  the  limit.  As  such, 
the  probability  density  function  for  the  Lth  shock  to  take  place 
at  time  t is  given  by 


10. 


limit 

A-*-0 


PL_L( (i-1) A)  ( Ak) e 


- k 


kpL_x( (i-1) A) 


o 
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Finally,  since  we  are  only  interested  in  the  conditional  probabil- 
ity density  function  that  the  Lth  shock  will  take  place  at  time  t 
given  that  the  component  fails  on-line  the  quanity  of  equation  10. 
must  be  normalized  yielding 


fL(C) 


kpL-1 ( (i— 1 ) A) 

TL 


Pt.-i  ^ 


5 <l-EL<Tr)) 


as  was  to  be  shown. 


% T 1 “ EL+i(Tr) 

(Prop  5)  Tf  — 

r 

Since  is  the  expected  lifetime  of  the  components  which 
fail  before  replacement. 


t fL(t)  dt 


•Tr  t P^tt) 

0 l a-ELiTrn  dt 

Tr  t <*t)L~L  -let 

J0  Z (L-l)!  e 

k (1  - W1 

L [Tr  (kt)L  e"kt 

k io  LI 

it  ll-EL(Tr)} 


"Jo  PL(« 

1 - W* 


From  (prop  3) , equation  11.  thus  seduces  to  the  desired  equality. 
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(Prop  6)  T - £ {1  - EL+1(Tr)}  + Tr  EL(Tr) 


Pf  if  + pr  Tr 


<1  - E_  (T  )} 
r 


_L_ 

k 


1 - EL+1(V 

1 - w 


+ Tr  EL(Tr) 


{ h 1 “ EL+l(Tr)}  + T-  E”  (T-) 


r L r 


(Prop  7)  T*=  g 


(Prop  8) 


and 


d(P  ) 

d (kTr)  " PL-l(Tr} 


d(Pr} 

d(kTr)  = "PL-1 (Tr) 


This  result  follows  simply  by  differentiating  the  expressions  for 
Pf  and  Pr  of  (prop  1)  and  (prop  2)  analytically. 


W 

L-l 

y 

(kTr}i  kT 

L 

i-0 

— n e r 

-kT 

A -y» 

L-l  (kT  ) 1 

+ y r 

-kT 

6 i 

i-1  ' 

G 

- 


\**''*J*  J 


Thus 
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d(Pr) 

d(kTr) 


-kT 

■e  r + 


L-l  i (kT  ) 

l “ 


i-1 


(kT^J1 


-kT 
e r 


L-l 

l 

i-1 


i-1 

_“kT_ 

(i-1) : e r 


OtTr) 


L-l 

l 

i=*0 


l (kTr} 1 e’kTr 


il 


el-i  - EL 


-Pl-i(V 


Moreover  since 


P-  - 1 - P 
f r 


d(Pf) 

d(kTr) 


d(l-Pr) 

d(kTr) 


PL-1(V 


(Prop  9)  d(kTf) 
d(kTr) 


. t1  - 'i'V1  pL(Tc)  - (1  - 'WV*  PL-1<V 

L»  ■ ■■  ■ " 1 - — 


[1  - EL(Tr)] 


From  (prop  3) 

k$. 


r.  1 ~ EL+1(V 

1 - eT(T  ) 


L r 


Thus  by  direct  differentiation 


d (kTf ) 
d(kTr) 


{1-EL(Tr)  PL(Tr}  ‘ {1-ELtl(V}  PL-l(Tr) 


{1  - EL(Tr)  } 


(Prop  10)  d(kT)  E (T  ) 

d()cTr)  EL  r 


From  (prop  6) 


T - ? (1  - ■WV  1 * WV 
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hence 


kT  ■ L (1  - EL+1(Tr) } + kTrEL(Tr) 


Thus  by  direct  differentiation 


Since 


§75^)  * L(',L(Tr))  + + W 

• L pL(Tr)  - MrPL.1(Tr)  + EL(Tr) 


L PL(Tr) 


L 4 


(kTr) 


l: 


e~kTr 


(kTr) 


L-l 


(kTr) 


(L-l)  : 


e “kTr 


kTr^L-l (Tr^ 


this  reduces  to 


d (kT) 


d(kTr) 


EL(Tr> 


as  required. 

Given  the  above  statistics  for  replacement,  on-line  failure, 
and  expected  time  to  failure  of  a component  with  estimated  lifetime, 
L and  assumed  replacement  time  Tr  we  desire  to  choose  Tr  (given  L) 
which  minimizes  some  appropriate  cost  function.  Intuitively,  this 
cost  function  should  represent  both  the  cost  of  on-line  failure  and 
the  cost  of  wasted  component  lifetime  due  to  replacing  components  be- 


°b  ' 

- 

* 


■ >•  •» : 
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fore  failure.5,17  We,  therefore,  adopt  the  cost  functional 


Cost  » C^-P*  + C„(kT  - kT) 

-4.  r w 

Here,  Cf  and  Cw  are  appropriate  weight  factors  representing  the  cost  of  a 
on-line  failure  and  the  cost  of  component  lifetime  wastage,  re- 
spectively. Thus,  the  first  term  in  the  cost  functional  represents 
the  expected  cost  of  a failure  (i.e.  the  probability  of  an  on-line 
failure  times  the  cost  of  such  a failure)  whereas,  the  second  term 
in  the  cost  functional  represents  the  expected  cost  of  wasted  com- 
ponent lifetime  (i.e.  the  expected  lifetime  reduction  times  the 
cost  per  unit  time  for  such  a lifetime  reduction  with  k serving  as  a 
normalizing  factor) . 

To  minimize  the  cost  functional  of  equation  33.  one  simply 
substitutes  the  values  for  Pf(Tr),  T* , and  T(Tr)  computed  in  the 
preceeding  pages,  def ferentiating  the  Cost  with  respect  to  kTr  and 

, Q 

setting  it  equal  to  zero.  This  then  results  in  the  equality 


12. 


0 “ Vi-i'V  - wv 


where  d(P^)/d(kTr)  is  given  by  Prop  9 and  d(kT)/d(kTr)  is  given  by 
Prop  10.  Thus  the  choice  of  an  optimal  T given  L is  reduced  to 
the  solution  of  a single  nonlinear  equation  in  one  unknown.  The 
solutions  of  this  equation  are  plotted  in  Figure  1.  for  a number 
of  values  of  L and  C^/C^.  Indeed,  it  can  be  readily  shown  that 
equation  12.  has  exactly  one  solution  for  Tr  > 0.  Moreover,  the 
function 


V*’ 


' '■ 


» 


I 


I 


J 


1 


1 


I 
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takes  on  negative  values  for  0 < t < Tr  and  positive  values  for 

< t hence  in  an  on-line  maintenance  system  one  need  not  even 
solve  equation  12.  Rather,  one  simply  evaluates  R (t)  at  the 
time  of  the  next  scheduled  maintenance.  If  this  results  in  a 
negative  number,  the  next  scheduled  maintenance  preceeds  the  optimal 
replacement  time  and  hence,  we  should  wait,  at  least,  until  the  next 
scheduled  maintenance  (when  we  will  have  more  data)  to  replace  the 
component.  On  the  other  hand,  if  the  evaluation  of  R^(t)  at  the 
next  scheduled  maintenance  time  results  in  a positive  value,  the 
optimal  replacement  time  will  have  passed  by  the  next  scheduled 
maintenance  and  hence,  the  component  should  be  replaced  at  the 
present  maintenance  interval. 

Summarizing  the  on-line  maintenance  algorithm  resulting  from 
the  above  theory  takes  the  following  form.  At  the  gth  scheduled 
maintenance  interval  (at  time  gT)  one  measures  the  component  para- 
meter, 0^.  If  0^  is  already  out  of  tolerence,  the  component  is 
simply  replaced  and  no  further  analysis  is  required.  If,  however, 

C is  in  tolerence  (C  > 0 in  our  notation)  it  is  used  together 

g g 

with  the  values  of  the  component  parameter  measured  at  the  previous 

maintenance  intervals  to  estimate  the  dynamics  of  the  failure  model 

for  the  component.  Here,  sequential  refinement  schemes  may  be 

used  both  to  include  the  effect  of  C on  the  estimates  made  at 

9 

the  (g-l)st  maintenance  interval  and  to  increase  the  order  of  the 
polynomial  used  to  represent  the  component  failure  dynamics.  Once 
the  component  failure  dynamics  have  been  satisfactorily  estimated, 
one  solves  6.  to  estimate  whether  or  not  to  replace  the  component. 

If  R^Ug+UT)  0 the  component  is  replaced,  whereas,  if 
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RL((g+l)T)<  0 the  component  is  not  replaced,  and  the  system  is 
returned  to  service  until  the  next  scheduled  maintenance. 


V.  Simulations 

A computer  simulation  of  an  on-line  periodic  maintenance 
based  on  the  above  described  algorithm  was  performed  for  600 
maintenance  intervals  with  a new  component  replacing  the  old  com- 
ponent after  each  replacement  decision  and/or  on-line  failure'^ 

The  system  was  subjected  to  computer  generated  Poisson  shocks 
with  constant  k * 0.1  shocks  per  hour  and  a maintenance  interval 
of  T * 20  hours.  The  simulation  was  first  run  using  identical 
components  with  L > 28  (expected  lifetime  of  14  maintenance  inter- 
vals) and  then  repeated  using  random  components  and  noisy  data 
measurements.  I 

For  the  case  where  identical  components  were  employed.  Table  1. 
gives  the  total  number  of  replacements  and  failures  resulting  from 
the  application  of  the  algorithm  over  the  600  simulated  maintenance  I 
intervals  with  different  values  of  Cf/Cw*  For  comparison.  Table  2. 
shows  the  total  number  of  replacements  and  failures  which  would 
have  resulted  from  a fixed  replacement  strategy  ranging  from  6 to  f 

12  maintenance  intervals.  Since  the  cost  function  is 


Cost  • Cf  + Cw  (kT*  - kT) 


the  overall  cost  can  be  expressed  as 

C, 


Cost 


x 

'W 


(No.  of  failures) 


+ 0.1  (280* (No.  of  components  used)  - 12000) 


The  overall  costs  resulting  from  the  application  of  our  algorithm 


pT* 
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and  the  various  fixed  replacement  schedules  may  be  computed 
from  the  data  in  Tables  1 and  2.  The  resultant  costs  for  differ- 
ent values  of  C^/C^  are  given  in  Table  3. 

Note,  since  L * 28  for  each  component  in  this  simulation,  an 
optimal  replacement  strategy  of  approximately  10  maintenance  inter- 
vals can  be  computed  from  equation  12.  without  estimating  L.  As 
such,  it  is  not  surprising  that  this  fixed  replacement  strategy 
resulted  in  lower  costs  than  the  algorithm.  It  should,  however, 
be  noted  that  the  algorithm  did  not  have  the  advantage  of  a 
a-priori  knowledge  of  L and  yet  it  sill  out-performed  all  of  the 
fixed  replacement  strategies  except  the  optimal  strategy  (that  is, 
optimal  once  L is  known) . 

In  our  second  simulation,  random  noise  was  added  to  the  data 
to  simulate  both  the  effects  of  imperfect  measurements  and  the 
effect  components  with  random  failure  characteristics.  Various 
simulations  were  run,  as  before,  for  600  maintenance  intervals 
each  with  k ■ 0.1  and  T * 20 , with  noise  levels  ranging  between 
20  and  60  percent  of  the  tolerence  interval.  The  results  of  these 
simulations  are  given  in  Tables  4.  and  5.  Except  for  a single  case, 
which  we  believe  to  be  anomolous,  the  algorithm  out-performed  any 
fixed  replacement  strategy. 

VI.  Conclusion 

In  the  preceeding,  we  have  described  a curve  fitting  algorithm 
for  the  prediction  of  failures  in  analog  devices.  The  algorithm  was 
tested  in  a variety  of  situations  and  found  to  be  surprisingly 
effective  in  predicting  failures  with  relatively  little  wastage  of 
component  lifetime  and  on-line  failure  cost. 


4 


102 


cf/cw 

No . of  replacement 

No . of  failure 

50 

48 

7 

75 

56 

1 

100 

52 

2 

150 

5^ 

2 

200 

5^ 

2 

TABLE  1 

Total  replacements  and  failures  within  600  main- 
tenance intervals  for  different  C^/Cw 


Constant 
replacement  time 


No.  of  replacement  No.  of  failure 


every  6 

intervals 

100 

0 

every  7 

intervals 

85 

0 

every  8 

intervals 

75 

0 

every  9 

intervals 

65 

1 

every  10 

intervals 

59 

1 

every  11 

intervals 

48 

6 

every  12 

intervals 

39 

11 

i 1 

TABLE  2 

< 

Total  replacements  and 

failures  within  600  maintenance  inter- 

vals  for 

various  fixed 

replacement  strategies 

- 


y _ 

- 

. N<V 
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» 

^ Cost^x^  •< 
LlethodS 

50 

75 

. 100 

150 

200 

every  6 
intervals 

1600 

1600 

1600 

1600 

1600 

1 

every  7 
intervals 

1096 

1096 

1096 

1096 

1096 

every  8 
intervals 

900 

900 

900 

900 

900 

1 

every  9 
intervals 

698 

723 

748 

798 

848 

every  10 
intervals 

530 

555 

580 

630 

680 

» 

every  11 
intervals 

612 

762 

912 

1212 

1512 

every  12 
intervals 

750 

1025 

1300 

1850 

2400 

> 

the  algorithm 

690 

471 

512 

668 

768 

104 


105 


noise 

level 


rniTthocT^s. 

0 % 

o 

CM 

30  % 

40  % 

60  £ 

every  6 
intervals 

l600 

1600 

1600 

1600 

2200 

> 

every  7 
intervals 

1096 

1096 

1096 

1280 

2008 

every  8 
intervals 

900 

900 

1200 

1300 

2128 

1 

every  9 
intervals 

748 

848 

948 

1376 

2432 

every  10 
intervals 

580 

880 

1380 

1980 

2364 

1 

every  11 
intervals 

912 

1340 

1340 

1340 

2452 

1 

every  12 
intervals 

1300 

1728 

1828 

1984 

1 

2612 

the  algorithm 

512 

752 

980 

752 

1608 

I 


I TABLE  5 

Overall  cost  for  different  methods  at  different 
noise  levels 

t 

i 
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Abstract 

It  is  shown  that  by  using  an  affine  (linear  plus  constant)  approxi- 
mation for  the  components  in  a nonlinear  analog  circuit  that  it  is  pos- 
sible to  do  fault  isolation  for  a nonlinear  circuit  via  essentially  lin- 
ear techniques. 

.*  » 

INTRODUCTION 

In  this  paper  we  discuss  the  problem  of  fault  isolation  as  opposed 
to  fault  detection.  Briefly  however,  in  the  fault  detection  arena,  lin- 
earization of  components  in  a circuit  works  very  well.  Heuristical ly, 
"the  linearization  of  a circuit  is  faulty  if  and  only  if  the  circuit  is 
faulty."  One  may  concoct. artificial  counter  examples  to  the  necessity 
of  this  condition,  yet  the  concept  has  been  successfully  utilized  in 
"real  world"  circuits. 

Unfortunately  for  fault  isolation  the  linearization  concept  fails 
in  many  cases.  For  example  suppose  a biasing  resistor  in  a circuit  con- 
taining a tunnel  diode  radically  changes  its  value.  At  a given  bias  the 
nonlinear  characteristic  of  the  tunnel  diode  has  a particular  slope, 
linearization.  With  the  breakdown  of  the  bias  resistor,  a linearization 
(the  slope)  of  the  nonlinear  characteristic  at  the  bias  point  of  the 
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tunnel  diode  is  faulty  ignoring  the  fact  that  it  is  operating  correctly 
at  a different  bias.  Such  linearizations  then  are  "indifferent"  to 
bias  changes. 

To  alleviate  this  "indifference"  we  postulate  an  affine  model  of 
components.  For  linear  components  the  affinization  reduces  to  a linear- 
ization. However,  for  nonlinear  components  one  associates  an  ordered 
pair  (a,b)  where  "a"  is  the  slope  of  the  "nonlinear  characteristic"  at 
the  bias  "b."  As  applied  to  the  above  example,  the  affinization  would 
have  shown  that  the  slope-bias  pair  was  correct  but  that  the  biasing 
resistor  had  broken  down. 

The  remainder  of  the  paper  discusses  some  examples  illustrating  the 
idea  of  this  affinization. 

Examples 

Suppose  we  have  the  circuit  of  Figure  1 which  contains  the  nonlinear 
tunnel  diode  whose  characteristic  g(*)  is  shown  in  Figure  2. 


The  K 
(1)  E + v. 

I and 

<2>  ^ * ! 


Assuming  v^(t)  « E for  all  t,  the  a.c.  steady  state  model  of  Figure 
3 is  valid. 


Figure  3.  A.C.  steady  state  model. 

The  transfer  function  for  the  steady  state  model  with  v^(t)  as  input  and 

1 ( t)  as  output  Is 

1 + j(u»CRd) 

H(j“)  * (R  + Rd)  + j(a3CRdR) 

Example  1:  Assume  E ■ .4  volts.  Suppose  the  circuit  Is  excited  by  sin 
waves  of  angular  frequency  uj  * 10  rad.,  u2  - 5 rad.,  and  «3  » 1 rad. 
and  obtain  measurements  of  H(ja>)  as  illustrated  in  Table  1.  Using  these 
measurements 


u» 

10  rad 

sug; t— 

(4.311  + J2.924)  10"3 

5 rad 

(2.862  + jO. 192)  10"3 

1 rad 

(-3.029  + J2.325)  10"3 

TABLE  1 

one  may  solve  for  R - 202.7  ohm,  Rd  - -447.0  ohm  and  C * 9.883  10'4 
farads.  Now  stored  somewhere  in  a computer  are  the  true  component  values 
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of  R * 200  ohm,  C = 10"3  farads,  and  at  the  bias  point,  (VQ  = .24, IQ  * .78ma),  \ 

the  slope  of  the  characteristic  of  the  tunnel  diode  is  -2.23  10~3  mhos  (see  , 

Figure  2).  Comparing  the  calculated  values  of  R and  C with  the  true  values, 

one  concludes  that  these  components  are  not  faulty.  Drawing  a load  line 

for  E 3 .4  and  R * 202.7  ohms  (load  line  I of  Figure  2)  we  observe  that  the 

bias  point  is  (VQ  * .24,  Iq  3 .78  ma).  Now  -1/Rd  3 2.237  10"3  mhos  which  ( 

is  the  correct  linearization  at  the  particular  bias.  This  implies  the 

diode  is  also  not  faulty.  The  conclusion  is  that  the  circuit  works  as 

designed.  ' 

Example  2:  Here  assume  E 3 .7  and  that  the  true  component  values  are  R ■ 

200  ohm,  C 3 10~3  farads,  and  at  the  bias  point  of  (VQ  3 .41, IQ  3 .82ma)  \ 

^ , 
(see  Figure  2)  the  linearization  (slope)  is  3.31  10  mhos.  Again  excite 

the  circuit  and  take  measurements  as  tabulated  In  T able  2. 


0) 

H(ju) 

10  rad 

(2.492  + J2.078) 

10"3 

5 rad 

(2.059  + j 1.058) 

10’3 

1 rad  . 

(1.572  + j 2 . 129 ) 

10"3 

TABLE  2. 

Solving  for  the  component  values  we  obtain  R 3 348  ohm  Rd  3 301  ohm  and 
C 3 9.988  10  ^ farads.  With  E ■ .7  and  R 3 348  ohms  draw  load  line  II  as 
In  Figure  2.  The  slope  1/Rd  3 3.31  10  corresponds  to  the  correct  linear- 
ized operating  characteristic  of  the  tunnel  diode.  The  calculated  capacitor 
value  is  within  tolerance  of  the  true  value  so  It  is  not  faulty.  However, 

the  bias  resistor  is  clearly  a faulty  component.  The  point  here  is  that  if 

I 

the  bias  information  associated  with  the  tunnel  diode  were  ignored,  we 

would  be  unable  to  decide  whether  the  resistor  or  diode  were  faulty. 

I # 

I 
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Example  3:  Again  assume  E 3 .7  volts.  As  with  examples  1 and  2,  excite 
the  same  circuit  having  the  same  true  component  values  to  obtain  data  as 
tabulated  in  table  3. 


u 

H(  jq>) 

10  rad 

(2.74  + j.372)  10"3 

5 rad 

(2.492  + j . 59)  10"3 

1 rad 

(1.66  + j .385)  10"3 

TABLE  3. 


Making  the  required  calculations  we  have  R - 350  ohms  Rd  3 29B  ohms  and 
-3 

C 3 1.999  10  farads.  The  diode  operates  on  load  line  II  of  Figure  2 and 
has  the  correct  linearization.  However,  both  the  capacitor  and  resistor 
are  faulty  In  this  case.  Again  the  point  Is  that  without  taking  Into 
account  the  bias,  one  would  be  unable  to  decide  which  component  was  faulty, 
although  one  would  be  able  to  conclude  that  the  circuit  was  faulty. 

These  examples  serve  to  show  that  the  concept  of  an  affinization  Is 
potentially  very  useful  In  isolating  a component  failure.  The  advantage 
Is  that  it  Is  only  sl-lghtly  more  general  than  the  linearization  concept  of 
the  fault  detection  problem. 


O ! 
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I.  Introduction 

The  rapid  progress  in  electronic  technology  has 

made  it  necessary  for  researchers  to  develop  a 

sound  theoretical  foundation  for  fault  analysis 

techniques  for  electronic  circuits  and  systems 

which  eventually  would  lead  to  automated  maln- 

1 2 3 

tenance  systems.  In  recent  papers  ’ ’ , the 
authors  have  developed  a fault  analysis  technique 
for  Linear  Sequential  Circuits  (LSCs)  based  on 
spectral  theoretic  approach.  This  technique 
parallels  the  multi  frequency  testing  techniques 
of  analog  fault  analysis4, 8,fi* 7 and  by  exploiting 
the  circuit  dynamics.  It  requires  fewer  test  in- 
puts for  sequential  circuits  than  for  a combina- 
tional circuits  of  a similar  complexity.  The 
same  Is  true  in  the  analog  case  where  this  pro- 
cedure requires  fewer  test  Inputs  for  a dynamical 
circuit  than  for  a combinational  circuit  of  a 


the  traditional  LSC  by  allowing  NOT  gates  and 
bias  sources  In  addition  to  the  usual  LSC  com- 
ponents. Moreover,  it  allows  the  theory  to  in- 
clude "stuck  on  one"  faults.  In  section  II,  the 
philosophy  of  the  fault  analysis  procedure  for 
LSC's  is  described  and  references  are  given  for 
more  information.  This  algorithm  is  extended  to 
Affine  Sequential  Circuits  and  is  presented  in 
Section  III.  Section  IV  is  devoted  to  family 
of  examples.  . 


II.  Fault  Analysis  in  Linear  Sequential 
Circuits3,8. 

Mathematically,  a Linear  Sequential  Circuit  is 

q in 

characterized  by  a pair  of  state  equations  ’ , 


Xk+1  . AXk  ♦ BUk 
Yk  “CXk+JUk 


(1) 


* X 


similar  complexity.  A perfectly  valid  spectral 
theory  is  then  developed  by  viewing  an  LSC  as  a 
linear  operator  on  a sequence  space.  This 
spectral  theory  parallels  the  steady  state 
frequency  domain  theory  for  analog  circuits  and 
thus  is  used  to  formulate  a fault  analysis  pro- 
cedure for  Linear  Sequential  Circuits.  Initially 
it  is  assumed  that  LSCs  fail  linearly  ("stuck 
on  zero",  "open  circuit"  and  "short  circuit"  but 
not  on  "stuck  on  one"  failures)  but  after  which 


Where  X,  U and  Y are  vectors  and  A,  B,  C and  J 

are  conformable  matrices  taking  their  values  in 

the  Galois  field  GF(p) 3 3 . We  Interpret  these 

equations  as  a central  value  problem.  Wherein, 

we  seek  to  find  two-sided  sequences;  Xk  and  Yk, 

-*<k<»,  satisfying  equations  (1)  for  a given 

sequence  U.,  and  a central  value  X.  * X. 

x o — 

Next,  we  define  a "transfer  function"  in  the  usual 


it  is  extended  to  the  case  of  Affine  Sequential  manner 

Circuits  (ASCs)  which  fall  affinely.  This  latter  ^ 

generalization  permits  a slight  generalization  of 

*This  research  supported  in  part  by  ONR  contract  75-C-092M 


Where  e is  an  element  of  the  algebraic  closure 
of  GF(p)^1.  S(e)  is  a matrix  of  rational  func- 
tions in  e with  coefficients  in  GF(p)  whose 
poles  and  zeros  are  well  defined  elements  of  the 
algebraic  closure  and  whose  properties  are  sim- 
ilar to  those  of  classical  analog  transfer  func- 
tion. The  fundamental  property  of  S(e)  for  the 
purpose  of  fault  analysis  is  that  for  each  e 
(except  for  the  poles  of  S(e ) ) the  sequence, 

Uk  ■ e , -— <k<“,  is  an  elgensequence  of  the 
difference  operator  with  eigenvalue  S(e).  The 
key  fact  here  is  that  the  eigensequence  Is  Inde- 
pendent of  ISC  under  study  and  hence  is  assured 
to  be  elgensequence  for  a faulty  circuit  even 
if  the  fault  is  unknown.  As  such,  we  test  an 
LSC  with  various  elgensequences  from  which  we 
compute  S(e).  The  only  potential  problem 
arising  is  that  these  eigensequences  "live"  In 
an  extension  of  the  space  on  which  the  actual 
circuit  Is  defined  and  therefore  can  not  be 
physically  implemented.  This  problem  Is  solved 
by  obtaining  the  response  of  an  LSC  under  study 

due  to  an  impulsive  Input  and  computing  S(e) 

8 12 

therefrom.  See  reference  ’ for  such  a formu- 


(ill)  Obtain  S(e)  from  Component  Connection 
model . 

(iv)  Obtain  the  set  of  equations  for  unknown 

component  parameters  from  step  ( i i ) 4 

(ill)  and  then  solve  using  the  term 
8 13 

expansion  algorithm  ’ 


III.  Fault  Analysis  in  Affine  Sequential 
Circuits8. 

A.  Affine  Circuits: 

Mathematically,  a "two-sided"  Affine  Sequential 
Circuit  over  a finite  field  is  represented  by  a 
set  of  difference  equation, 

Xk+1  “ AXk  * BUk 

Yk  - CXk  + JUk  + wk  — <k<«  (3 


Where  {wfc}  is  a sequence  of  constants  and  wk  is 
some  constant  at  time  k. 

We  assume  that  the  circuit  components  are  char- 
acterized by  the  D-transform*  equation, 

bt(D)  - [(gf)ff(D)]af(D)  ♦ (n1 (D) ) (^ (D) ) 

lation.  We  also  compute  S(e)  In  terms  of  com-  1 ■ 1,  2,  ....  n (4) 

3 8 

ponent  parameters  and  connection  matrices  ’ where: 

through  the  use  of  the  component  connection  a^(D)  Is  the  O-transform  of  the  Input  sequence  to 

model3,7,8.  A set  of  equations  are  then  the  1th  component 

obtained,  which  can  be  solved  for  the  unknown  b^(D)  Is  the  O-transform  of  the  output  sequence  to 

component  parameters.  The  algorithm  for  fault  the  1th  component 

analysis  in  Linear  Sequential  Circuits  Is  sum-  f i (D)  Is  the  dynamics  of  the  1th  component 

merlzed  in  the  following  steps.  g^  is  a scalar,  gain  of  the  linear  part  of  1th 

(1)  Measure  the  zero  state  Impulse  response  component 

* 

of  an  LSC  understudy.  ^ represents  component  dynamics  through  which 

(11)  Compute  Sfe^)  from  the  Impulse  response  bias  signal  passes. 

8,12  obtained  In  (1)  for  various  elements  ^(D)  is  the  D-transform  of  n^D)  from  nr  l.e., 

e1t  e,,  ....  e„  In  the  extension  of  . o , 

1 2 n ni(D)  ■ (irrhi  (5) 

the  finite  field  over  which  the  LSC  ' 

under  study  Is  defined.  Here,  the  value 

of  n depends  on  the  number  of  unknown 

component  parameters  in  the  circuit. 

•Deflnltlo^f  D-transform  - A D-transform  Is  expressed  In  terms  of  a formal  power  series  l.e., 

0(g(  1 ) } ■ J g(1)0'1  where  g * I ■*  GF(p™)  for  V g c G.  Here,  G Is  the  set  of  all  sequences  and  I 
1 *-■» 

denotes  the  natural  Integers. 


i l i 


Substituting  (5)  in  (4)  we  get, 

6,(0)  * [(g^f^DfJa^D)  * (fyn^lO)  (6) 

Letting  (D)  ■ (j^y-^tD)  and  since  the  are 
scalars,  we  can  write 

^(D)  - C (g, )f  1 (0)la1  (D)  ♦ [(n^tD)]  (7) 

For  our  purposes,  it  is  assumed  that  the  com- 
ponent dynamics  f^(D)  remain  constant  and  all 
faults  manifest  themselves  as  changes  in  g^  and 
n1 . Such  a model  Includes  “stuck-on-one“  faults 
which  are  not  Included  in  the  case  of  LSC's. 

One  may  note  that  an  ASC  over  GF(2)  may  be 
viewed  either  as  an  LSC  In  which  constant  bias 
source  is  added  or  as  an  LSC  into  which  NOT 
gates  have  been  inserted.  Both  views  are 
equivalent  since  one  can  construct  a NOT  with 
a biased  adder  and  vice  versa. 

For  notational  simplicity,  we  condense  n scalar 
equations  given  in  (7)  Into  a matrix  Identity, 

1 .e. , 

b(0)  - [(G)F(0)]a(D)  + [n(*(D))]  (8) 

The  connections  are  assumed  to  be  characterized 
by  the  algebraic  constraints®*^®. 


a(D)“ 

a 

hi 

L12 

b(0) 

y(o) 

hi 

l22 

u(D) 

Simultaneous  solution  of  (8)  and  (9)  yields, 
y(D)  - [L22  ♦ L21(I  - (G)F(D)L^.| )~^ 
(G)F(D)L12]u(D)  ♦ [l21(I  - (G)F(D)Lji )’* 

(n)*(0)]  (10) 


Let 

S(0)  * L22  ♦ L21(I  - (G)F(D)Ln)_1(G)F(0)L12 

and 

T ( D ) - L21(I  - (G)F(0)Ln)‘1(nJ4»(D) 

Then  equation  (10)  becomes, 
y(D)  * S(0)U(D)  + T (0 ) (11) 

B.  Fault  Analysis: 

Fault  analysis  In  Affine  Sequential  Circuits 
Involves  developing  techniques  for  determining 
G and  n. 

G can  be  determined  by  considering  the  linear 
part  of  an  ASC  (i.e.,  set  wfc  * 0}  and  using  the 
procedure  outlines  In  section  II.  For  this 
purpose,  we  determine  the  impulse  response  of  the 
linear  part  of  an  ASC  as  follows:  Observe  the 
response  of  the  ASC  under  consideration  due  to 
{Uk}  »{0).  When  this  response  becomes  periodic, 
apply  an  Impulse  sequence  to  this  ASC.  Then  the 
Impulse  response  of  the  linear  part  is  given  by 
the  difference  of  two  responses  i.e.,  response 
obtained  after  and  before  the  Impulse  is  applied. 
Oenote  It  by  (hk). 

Determining  n: 

We  compare  D-transform  of  (3)  with  (11)  and  get, 

W(D)  * T(D)  where  w(D)  * D{wk)  (12) 

i.e..  If  {wkJ  Is  determined  from  the  measurements 
on  an  ASC,  n can  be  determined  from  T(D).  As 

O 

such,  w^  Is  given  by  a simple  equation.  If  we 
assume  XQ  ■ X.  • 0. 

wk  - hk  - hk  (13) 

Where  i»k  Is  the  Impulse  response  of  an  ASC. 

With  the  above  theory,  we  summarize  the  fault 
analysis  algorithm  for  ASC  In  the  following 
steps. 

(1)  find  g^  by  using  steps  (1)  through  ( 1 v)  of 


and 


I2U 


the  fault  analysis  procedure  for  LSC  outlined 
in  section  II.  "Impulse  response  of  an  LSC" 
should  be  read  as  "Impulse  response  of  the 
linear  part  of  an  ASC”  in  these  steps. 

(2)  Substitute  g^’s  in  T(D) 

(3)  Measure  (h^i  the  impulse  response  of  the 
ASC  under  study  and  obtain  (w^)  . 

(4)  Obtain  w(D)  from  {w^}  . 

(5)  Using  (12),  solve  for  n,  since  n is  con- 
tained in  T (0 ) . 

IV.  Examples 

In  this  section  two  examples  are  presented. 

9oth  examples  Illustrate  the  fault  analysis 
algorithm  discussed  in  section  III.  The  second 
example  also  Illustrates  how  stuck-on-one 
faults  are  modeled  using  Affine  Sequential  Cir- 
cuits. 

Example  1: 

Consider  the  ASC  shown  In  figure  1 defined  over 
GF(2) . b.,  * g1  a1  ♦ n-| 


Figure  1 

Assume  that  the  Impulse  response  of  the  linear 
part  of  an  ASC  is  measured  and  Is  given  by 

hQ  * 0,  hj  ■ 1 , hg  * 1 » hj  ■ 1 The 

impulse  response  of  the  Affine  Sequential  Clr- 

I 

cult  is  measured  and  is  given  by  h„  ■ 0, 

• l # » » ° 

u - n u . i u • n w • 1 t 

ni 


0,  h,  ■ 1,  h,  • 0,  h.  ■ 1,  h,  ■ 0, 


It 


is  desired  to  compute  the  values  of  g1  and 
that  are  compatible  with  the  given  data. 
Solution: 

The  connection  equations  for  this  circuit  are  as 
follows: 


’1 


n 

l 

i 

j 

0 

(14) 


b^D)  * Cg1/D]a1  (0)  * (jjSy)  [1/D]  n,  (15) 
S(0)  =■  [0  + 1(1  - g^/D  • l)“1g1/0  • 1]  (16) 

- (1  - g1/0)”1g1/D  (16) 


T(0)  - (gSyJCl  • (1  - g,/D  • 1 )_1 (1/D)] 


(l  - g-j /D ) 


07) 


Calculating  g,: 

Choose  an  element  e1  » a from  GF(2  ) where  a is 
an  Indeterminant.  Then  use  (2.25)  to  compute 
S (ei ) » S(a)from  the  given  impulse  response 
of  the  linear  part  of  an  ASC. 

From  (2.25)  one  obtains. 


S(a)a'  * b j + 1 


S(a)ci 


b_i  + 1 


(18) 

(19) 


Simultaneous  solution  of  (5.19)  and  (5.20) 
yields, 

S(o)  - a . (20) 

Since  S(e^)  * S(D)Qme  -o»  S(a),  one  can  replace 

D by  a in  (5.17)  and  obtain. 


«•)  ■ 0 - a >-'  a 


(21) 


Simultaneous  solution  of  (5.21)  and  (5.22)  yields 
g1  « 1. 

Substitute  g-j  ■ 1 In  (5.18)  to  obtain. 

TO)  ■ ('  -ff>''l|CT) 

■ (in’)  xinT 

-r  [since  -1  « +1  In  GF(Z)] 

(22) 


0+0)' 


0 

i+o2 


- 


o 


l.-V 

* «W  (* 

r ir- 


Obtaining  (w.  } : from  (5.14)  one  obtains. 


w 3 h - h * 0 - 0 * 0 
0 0 0 

"l  s hl  ' hl  " 1 * 0 " 1 
«2  3 " h2  * 1 " ^ * 0 
w3  3 h3  - h3  * 1 -0*1 


so,  {wk>  3 (0,  1,  0,  1 },  such  that  wQ  3 

0. 

W(D)  * 0{wfc}  3 (0-D°  + 1-D'1  + 0-D'2 


+ I'D'2  + 


W(D) 


(23) 


1+0 


solving  for  h: 

Substituting  (5.23)  and  (5.24)  in  (5.10),  i.e.. 


Choose  an  element  e^  3 a from  GF(2^).  Use 
(2.25)  and  the  impulse  response  of  the  linear 
part  of  an  ASC  to  compute  S(a).  This  is  given 
by 

S(a)  3 0.  (25) 

Simultaneous  solution  of  (5.26)  and  (5.22) 
yields  g^  3 0.  Substitute  g^  3 0 in  (5.18)  to 
obtain. 


* D77 


Obtaining  (wk>: 


w 3 h - h 3 0 
0 0 0 


3 h-j  - h^  3 1 


(26) 


W(D)  3 T(D)n 


1 


Wg  3 h3  - hg  3 1 


i.e. , 


1+0* 


D 

— 5 
1+0* 


* nl 


(24) 


which  yields  nj  3 1. 

It  is  interesting  to  note  from  Figure  (1)  that 
bi  is  exactly  opposite  to  a^  which  is  a 
characteristic  of  the  NOT  gate.  So  ASC's  also 
permit  modeling  of  NOT  gate  for  the  purpose  of 
fault  analysis. 

Example  2: 

Consider  the  ASC  shown  in  Figure  5.2  Assume 
that  the  impulse  response  of  the  linear  part 
of  the  ASC  is  measured  and  Is  given  by  hQ  3 0, 

^ * 0,  h2  3 0,  The  Impulse  response  of 

the  Affine  Sequential  Circuit  Is  measured  and 

I I I I 

is  given  by  hQ  * 0,  h.j  * 1,  h2  3 1,  h3  * 1 

It  is  desired  to  compute  the  values  of  g3  and 
n3  that  are  compatible  with  the  given  data. 

The  connection  equations  are  the  same  as  those 
of  the  previous  example.  That  Is,  they  are 
given  by  (5.15),  (5.16),  (5.17)  and  (5.18). 
Calculating  g, : 


(wk)  3 (0,1, 1,1,1,...}  such  that  wQ  3 0, 
W(D)  3 D(wk)  3 (0-0°  + 1-D'1  + 1-D'2 


+ 1-D'3  + ....) 
1 

■ D+T  • 


(27) 


Substituting  (5.27)  and  (5.28)  in  (5.10)  yields 
n-,  3 1- 

The  above  example  is  an  illustration  of  a 
"stuck -on-one"  fault. 


References 

Sangani,  S.H.,  Liberty,  S.R.,  and  R.  Saeks, 

"Fault  Analysis  in  Sequential  Circuits",  Proc. 
of  the  17th  Midwest  Symp.  on  Circuit  Theory,  Un. 
of  Kansas,  September  1973. 

Sangani,  S.,  Saeks,  R. , and  S.  Liberty,  "Spectral 
Theory-Linear  Sequential  Circuits  and  the  Steady 
State  Frequency  Domain",  Proc.  of  the  18th  Mid- 
west Symp.  on  Circuit  and  System  Theory,  Con- 
cordia University,  Montreal,  Quebec,  Canada. 

Sangani  S.,  Saeks,  R.,  and  S.  Liberty,  "A 
Spectral  Theory  Approach  to  Fault  Analysis  in 
Linear  Sequential  Circuit",  Journal  of  the 
Franklin  Institute,  (to  appear). 


122 

Saeks,  R. , Singh  S.P.,  and  R.W.  Liu,  "Fault 
Isolation  via  Component  Simulation",  IEEE  Trans, 
on  Circuit  Theory,  Vol.  CT-19,  pp.  634-660. 

Ransom,  M.N.,  and  R.  Saeks,  "Fault  Isolation 
with  Insufficient  Measurements",  IEEE  Trans,  on 
Circuit  Theory,  Vol.  CT-20. 

Ransom,  M.N.,  "A  Functional  Approach  to  Large- 
Scale  Dynamical  Systems",  Proc.  of  the  10th 
Allerton  Conf.  on  Circuits  and  Systems, 
pp.  48-55,  1972. 

Ransom,  M.N.  and  R.  Saeks,  "The  Connection 
Function-Theory  and  Application",  Int.  Jour, 
of  Circuit  Theory  and  Application,  Vol.  3, 
pp.  5-21,  1975. 

Sangani,  S.H.,  Ph.D.  Thesis,  Texas  Tech  Univ., 

August,  1975. 

Booth,  Taylor  L.,  "Sequential  Machines  and 
Automata  Theory",  N.Y.,  John  Wiley  and  Sons, 

Inc.,  1967. 

Hennie,  F.C.,  "Finite-State  Models  for  Logical 
Machines",  N.Y.,  John  Wiley  and  Sons,  Inc., 

1967. 

Artin,  E.,  "Galois  Theory",  Univ.  of  Notre 
Dame  Press,  Notre  Dame,  Indiana,  1942. 

Saeks,  R.,  Sangani,  S.,  and  S.  Liberty,  "On 

the  Computation  of  Rational  Z-  Transforms  (under 

publication). 

Ransom,  M.N.,  and  R.  Saeks,  "Fault  Isolation 
via  Term  Expansion,"  Proc.  of  the  3rd  Pittsburgh 
Symp.  on  Modelling  and  Simulation. 


I ' 


V 


[ 


i 


I 


\ 


A MEASURE  OF  TESTABILITY  AND  ITS  APPLICATION 
TO  TEST  POINT  SELECTION  - THEORY* 

N.  Sen**  and  R.  Saeks 


l 


*This  research  supported  In  part  by  Office  of  Naval  Research  Contracts 
75-C-0924  and  76-C-1136. 

♦♦Presently  with  the  Datapoint  Corporation,  San  Antonio,  Texas. 


, i 


A MEASURE  OF  TESTABILITY  AND  ITS 
APPLICATION  TO  TEST 
POINT  SELECTION  - THEORY 


N.  Sen  and  R.  Sacks 
Dept,  o f Electrical  Engineering 
Texas  Tech  University 
Lubbock,  Texas  79409 


ABSTRACT 

This  paper  discusses  the  formulation  of  a measure  of  Testability  for 
linear  analog  electronic  circuits  and  systems.  Using  component  con- 
nection model  one  can  derive  a set  of  fault  analysis  equations  for 
the  given  system.  A multifrequency  analysis  of  the  fault  analysis 
equations  is  employed  to  obtain  a measure  of  testability  defined  as 
4.  This  measure  is  a function  only  of  the  system  under  test,  and 
the  available  test  signals,  but  not  the  test  algorithm  - a basic 
requirement. 


I.  INTRODUCTION 

Research  in  the  area  of  fault  analysis  of 
systems  has  progressed  along  two  indepen- 
dent paths.  Digital  fault  analysis  techni- 
ques have  utilized  combinational  properties 
of  the  circuit  or  system  components  while 
analog  techniques  have  relied  mainly  on  the 
dynamical  (memory)  properties  of  the  com- 
ponents involved.  Bibliographies  in  the 
two  areas  have  been  complied  by  Rault  (1,2). 
A quick  glance  over  the  reference  reflects 
an  interesting  observation.  Analog  fault 
analysis , though  historically  older  has 
been  left  behind  by  digital  fault  analysis 
and  more  progress  has  recently  been  in  the 
latter  area. 

One  of  the  causes  that  can  be  attributed 
to  such  an  experience  is  the  rapid  advances 
and  need  of  the  industry  in  the  area  of 
digital  electronics  which  has  served  as  a 
great  stimulus  for  researchers.  However, 
it  is  believed  that  automated  analog  fault 
analysis  has  an  equally  important  impact 
on  the  maintainability  and  serviceability 


of  equipment.  Considering  the  time  taken 
for  detection,  isolation  and  repair  of  a 
fault  (for  example  in  terms  of  MTTR) , rather, 
it  is  felt  that  the  development  of  analog 
fault  analysis  techniques  deserves  even  more 
attention. 

The  purpose  of  the  present  paper  is  to  in- 
troduce a measure  of  testability,  i,  for 
analog  circuits,  which  is  easy  to  compute  by 
multi frequency  analysis  and  gives  the  extent 
to  which  the  fault  can  be  isolated.  Section 
II  summarizes  the  component  connection  model 
and  the  applicability  of  the  method  to  dif- 
ferent component  problems.  Based  on  the 
component  connection  equations,  the  fault 
analysis  equations  are  introduced  in  Sec- 
tion III.  Section  IV  contains  the  develop- 
ment of  the  said  4 parameter.  Finally,  a 
simple  but  rich  enough  example  to  bring  out 
the  method  is  illustrated  in  Section  V. 

II.  THE  COMPONENT  CONNECTION  MODEL 

The  classical  approach  of  measuring  response 
of  a system  in  terms  of  its  components  in 
the  form  of  a transfer  function  becomes 
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prohibitive  for  large  scale  systems.  A 
relatively  new  approach  based  on  separating 
the  components  of  the  system  from  the  in- 
terconnection has  been  developed  (3).  The 
chief  advantage  of  such  a bifurcation  lies 
in  the  fact  that  overall  system  constraints 
are  broken  into  components  constraints  and 
the  interconnection  constraints . The  com- 
ponent constraints  depend  on  the  behavior 
of  the  component  and  the  connection  con- 
straints are  determined  in  terms  of  linear 
algebraic  equations  (Xirchoff's  laws,  sca- 
ler and  adder  equations  etc.).  This  in 
fact  simplifies  the  complexity  involved  in 
the  analysis. 


Figures  1(a)  and  1(b)  illustrate  the  deve- 
lopment of  the  component  connection  model. 
Here  u and  y represent  the  vectors  contain- 
ing the  inputs  and  outputs  respectively, 
of  the  overall  system  while  a and  b are 
vectors  whose  elements  are  the  inputs  and 
outputs  respectively  of  each  individual 
components  of  the  system.  Thus  the  hatches 
and  the  shadow  areas  in  the  figure:  1(a) 
represent  the  system  components  and  the 
interconnections  separately  and  the  des- 
cription of  the  overall  system  and  that  of 
the  components  is  contained  in  the  follow- 
ing two  transformations 

y • Su  (1) 

and 


b • Za 


(2) 


Figure  1.  Development  of  the  component 
connection  model. 

A separation  of  the  components  and  connec- 
tions as  shown  in  figure  1(b)  gives  us  a 
"donut  shape"  connection  box  whose  inputs 
are  u and  b and  outputs  are  y and  a.  Their 
connections  are  expressible  in  terms  of 
linear  algebraic  equations  which  can  further 
be  modeled  by  the  matrix  equation: 


a 

y 

, 

Equations  (2)  and  (3)  represent  the  compon- 
ent connection  system  model.  Several  studies 
have  been  made  into  the  existence  and  com- 
puter implementation  of  these  equations  (4-8). 

The  component  equation  (2)  above  contains 
the  operator  equation  of  each  component  and 
so  when  expressed  in  the  frequency  domain 
for  a n component  system  with  a sensitivity 
parameter  r included  in  the  component  trans- 
fer function  Z , can  also  be  represented  as : 


L 1 l 1 L12 

b 

^2  1 "1”  1*2  2 

u 

,r) 


Z2 (s,r) 


lfl_ 


Z (s,r) 
n 


(4) 


where  each  of  the  Z(s,r)'s  may  represent  a 
different  component  and  so  may  be: 
a capacitor  i.a.  Z(s,r)  - 1/C(r)s  where 


I 


t 
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C(r)  is  the  capacitor 

or  a delay  i.e.  Z(s,r)  » f(r)e3t  where 
f(r)  ia  a function  of  rand  t is  the  time 


or  a resistance  i.e.  Z(s,r)  ■ R(r)  where 
R(r)  is  the  resistance 

or  an  operational  amplifier  i.e.  Z(s,r)  * 


*(r) where  K(r)  is  the  gain 

(3+P1 (r) ) (s*P: (r) ) 

and  pi (r) , p; (r)  are  poles  of  the  transfer 
function  and  so  on.  Thus  a variety  of 
Z(s,r)  equations  is  available  and  our 
method  is  equally  applicable  in  all  cases. 


III.  THE  FAULT  ANALYSIS  EQUATIONS 


Using  equations  (2)  and  (3)  one  can  obtain 
the  equation: 

S(s,r)  - L22+L21  (l-Z(s,r))-1Z(s,r)Li2  (5) 

where  s and  r are  the  frequency  and  the 
sensitivity  parameter  respectively. 

The  above  equation  relates  the  overall  sys- 
tem operator  s to  the  composite  component 
operator  Z.  When  using  the  above  equation 
for  fault  analysis  work,  the  connections 
are  assumed  fixed  and  hence  the  equation 
(5)  can  be  considered  as  a system  valued 
function  of  a component  valued  variable 
Z(s,r).  This  may  be  expressed  as: 

S(s,r)  - f (Z  (s  ,r) ) (6) 

which  is  a form  applicable  to  our  problem. 


more  test  points,  or  use  several  frequencies. 
Both  of  them  involve  increase  in  cost  in 
terms  of  hardware  or  software  respectively. 
Though  the  former  approach  is  analytically 
straight  and  only  consists  of  adding  more 
test  points  in  such  a manner  that  the  addi- 
tional rows  corresponding  to  these  test 
points  render  K invertible,  yet  from  a 
practical  point  of  view  it  is  not  often 
possible.  The  main  hurdle  is  the  access- 
ability  of  test  points.  The  latter  consists 
in  evaluating  S(s,r)  at  several  frequencies, 
for  the  'same*  test  points  in  which  case 
one  has  to  solve  the  following  set  of  simu- 
ltaneous equations  expressed  in  the  matrix 
form  by: 


S (s i ,r) 
S (s2  ,r) 
S(s3,r) 

S(sn,r) 


f (Z (s  t ,r) ) 
f (Z(s2,r) ) 
f (Z  (s  3 ,r) ) - F(r) 

f (Z  (s  ,r) ) 
n 


(8) 


To  sum  up,  the  eauation  solving  approach  to 
fault  analysis  involves  yielding  more  equa- 
tions in  the  same  number  of  unknowns  (as- 
suming that  the  component  variations  with 
frequency  are  known  and  nonfaulty) . There 
is  however,  a limit  to  the  number  of  such 
additional  equations  based  on  frequency 


where  all  faults  manifest  themselves  in 
the  variations  of  r with  component  types 
and  the  connections  remaining  fixed.  So 
the  problem  is  reduced  to  the  measurement 
of  S(s,r)  at  some  frequency  and  the  solu- 
tion of  equation  (6)  for  r.  Unfortunately, 
this  solution  involves  the  left  invertibil- 
ity  of  the  matrix: 

K - L,2T  ® L2i  <7) 

where  (x)  denotes  the  Kronecker  matrix  pro- 
duct (9) . This  in  turn  requires  that  the 
system  has  a large  number  of  test  points. 

Here  we  have  two  alternatives:  either  add 


variation.  This  is  due  to  the  nondynamical 
components  where  F(r)  is  independent  of  s 
and  the  equations  obtained  for  the  additional 
frequencies  are  redundant.  This  becomes 
very  important  in  a case  where  one  is  aim- 
ing at  getting  the  best  out  of  the  avail- 
able test  points  but  is  not  aware  of  this 
“best".  Our  theory  in  the  next  section 
gives  a method  of  determining  this  "best" 
without  actually  solving  these  equations. 

This  will  result  in  a great  saving  of  both 
the  circuit  designers  and  the  computer  time. 
When  computer  implemented,  it  can  serve  as 
an  algorithm  for  test  point  selection  and 
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hence  offering  an  optimum  utilization  of 
various  test  point  options  (12) . 

IV.  THE  MEASURE  OF  TESTABILITY 

To  understand  the  effect  of  a small  change 
in  a certain  parameter  (component,  temera- 
ture  or  inpurity  concentration  for  example 
in  case  of  solid  state  circuits)  on  the 
whole  system,  so  that  it  can  serve  as  a 
basis  for  fault  analysis  when  approached 
from  the  opposite  direction,  one  needs  to 
compute  the  Jacobian  matrix  Jp(r)  of  F(r) 
evaluated  at  solution  of  the  fault  analysis 
equation,  r. 

A little  matrix  algebra  reveals  that  the 
Jacobian  of  F(r)  evaluated  at  value  of  the 
failed  parameter  vector  r, can  be  expressed 
as: 


L:i  (l-2(s,r)Lu)-1 
[I+Lu  (l-2(s,r)Lll)_12(s,£)  ]LI2 


(9) 

where  r^  denotes  the  sensitivity  parameter 
for  the  ith  component. 


A use  of  the  following  matrix  identity  (10) 
has  been  made  in  this  derivation: 


h M_1  ■ -M_1  17  M"1  <10> 

Mow  if  with  the  available  test  points  and 
frequencies  one  can  maJce  the  Jacobian  non- 
singular (actually  a left  invertibility 
will  suffice) , the  system  can  be  completely 
diagonosed.  If  this  is  not  so,  one  can 
still  formulate  a test  algorithm  by  using 
the  generalized  inverse  of  the  Jacobian, 
which  will  locate  the  solution  upto  a mani- 

Jr 

fold  in  the  parameter  space  R , whose  di- 
mension is  equal  to  the  dimension  of  the 
null  space  of  the  Jacobian.  Since,  this 
dimension  is  an  accurate  measure  of  the 
ambiguity  in  the  test  algorithm,  it  de- 
fines a measure  of  system  diagonsibility 
and  minimum  possible  such  dimension  of  the 
null  space  gives  the  desired  measure. 


Consistent  with  the  above,  we  define  a 
local  measure  of  testability  at  r to  be: 

4(r)  » Minimum  null  [Jp(r)]  (11) 

where  the  minimum  is  taken  over  all  possible 
chorees  of  the  frequencies  st,  s2,  Sj,  ... 
sn ; n - 1,2,  ...  . 

In  a case  where  only  one  test  frequency  is 
employed  it  follows  from  equation  ( 9 ) that 
the  null  space  of  the  Jacobian  is  equal  to 
the  null  space  of  the  K matrix  given  by 
equation  (7)  and  so  with  more  equations  due 
to  additional  frequencies  one  is  assured 
that 

6 (r)  <.  d (12) 

where  d is  the  dimension  of  null  space  of 
matrix  K.  Of  course,  the  optimal  solution 
is  to  have  4 (r)  ■ 0. 

This  in  other  words  means  that  the  solution 
of  the  nonlinear  equation  (8)  is  4 (r)  dimen- 
sional manifold  in  the  neighborhood  of  r. 
This  follows  readily  from  the  implicit 
function  theorem.  The  function  involved  is 
invertible  if  4(r)  ■ 0. 

Another  important  observation  concerning 
the  4(r)  defined  by  equation  (11)  is  that 
it  is  a property  of  the  equation  and  is  not 
dependent  upon  the  number  of  test  frequenc- 
ies chosen. 

From  above  we  see  that  if  one  is  able  to 
compute  4 (r)  accurately,  it  is  possible  to 
get  a measure  of  the  uncertainly  involved 
in  the  solution  of  equations  for  Fault 
Analysis. 

There  is,  however,  a problem  associated 
with  the  computation  of  4 (r) . To  compute 
S(r)  by  equation  (11),  r should  be  known, 
which  means  that  the  fault  is  already  known 
and  isolated.  If  this  is  so,  there  is  no 
need  to  compute  4(r)  since  our  purpose  is 
to  do  Fault  analysis  by  Hr). 

Hence,  there  seems  to  be  no  other  alterna- 
tive than  to  adapt  the  equation  solving 


t 

O ! 


Cj 
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approach  outlined  in  Section  III.  The 
following  theorem,  however,  proves  quite 
handy  in  the  computation  of  Mr)  by  dif- 
ferent means. 

Theorem  1:  i (r)  as  defined  above  is  equal 
to  the  nullity  of  the  set  of  rational  ma- 
trices bf(Z(s,r))  , _ , , 

“ t i ■ i f a ^ • n 

5ri 

viewed  as  elements  of  a vector  space  over 
the  field  of  complex  numbers. 

In  other  words,  4 (r)  is  equal  to  k minus 

the  number  of  linearly  indpendent 

l 3f  <Z(s,r>  . , , 

I — , i ■ 1,2,.. .n 

I iri 

where  k is  the  dimension  of  the  parameter 
space  R. 

The  proof  for  the  above  theorem  which  ap- 
pears in  reference  (10)  brings  out  an  in- 
teresting algorithm  for  choosing  test  fre- 
quencies which  no  longer  have  to  be  picked 
in  advance . For  the  scaler  case , it  can 
be  shown  that  the  number  of  required  test 
frequencies  is  exactly  k-4  (equal  to  the 
rank  of  the  Jacobian) . In  the  general 
case,  however,  the  number  of  required  test 
frequencies  is  less  than  or  equal  to  k-4. 

Reaching  this  far,  we  have  achieved  a local 
measure  of  testability . The  problem  en- 
countered in  computation  of  a global  mea- 
sure (which  necessitates  determination  of 
an  overall  minimum  nullity  of  the  Jacobian) 
is  also  resolved  by  the  use  of  the  follow- 
ing theorem. 

Theorem  2:  4 (r)  is  constant  "almost  every- 
where*. 

Here  the  term  "almost  everywhere"  is  used  ■ 
in  the  algebraic  geometric  sensm_(13),  that 
is,  Mr)  is  constant  for  all  r except  pos- 
sibly for  the  values  lying  in  an  algebraic 
variety  of  the  parameter  space  R . 


reference  (10). 

Thus  this  is  the  key  which  makes  our  approach 
to  formulating  a measure  of  testability 
viable  since  it  allows  us  to  transform  the 
local  measure  of  testability,  Mr),  into  a 
global  measure  of  testability,  4,  which  is 
independent  of  the  failure.  In  particular, 
we  define  4 as  the  generic  value  of  4 (r) , 
i.e.  the  value  taken  on  by  Mr)  almost 
everywhere.  As  defined,  4 is  thus  indepen- 
dent of  the  choice  of  test  frequencies  em- 
ployed and  the  particular  failure  which  one 
is  attempting  to  diagnose.  It  is  a function 
only  of  the  system  under  test,  and  hence  is 
a measure  of  testability  for  the  circuit 
which  is  independent  of  both  the  failure 
and  the  test  system. 

V.  AN  EXAMPLE 

Let  us  consider  the  circuit  of  an  amplifier 
shown  in  figure  2 below: 


„ lllc 


E1  VR  fR 


vl3l 


Figure  2.  RC-coupled  amplifier  with  an 
inductive  load. 


To  illustrate  the  point,  we  shall  assume  in 
the  beginning  that  we  have  access  to  E , 


V iR 


ic  and  V^.  We  can  keep  all 


four  of  them  as  available  outputs  in  our 
connection  model. 


A proof  of  this  theorem  also  appears  in 


Hence  the  component  equation  is  given  by: 


vmU&vti  ' 
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f'-l 

u (r)g (•) 

0 

0 

0 ) 

1 

; t, 

L 

o 

L/L(r) ■ 

1 !Vl 

:vc 

■ 

0 

0 

1/C (r) a 

1 1 

; 

0 

0 

0 

I ; 

where  r denocea  the  parameter  subject  to 
variation  which  in  our  example  will  be  u , 
R , L and  C themselves, 


and  the  connection  equation  is  given  by: 


which  gives  us  the  four  L matrices. 

Now  since  i is  constant  almost  everywhere 
by  Theorem  2 in  Section  IV  and  is  indepen- 
dent of  the  individual  component  values, 
for  computational  purposes , one  can  work 
with  the  nominal  values  of  u,  R,  L and  C 
each  equal  to  unity. 


Using  equations  (13)  and  (14)  the  composite 
system  transfer  function  is  found  with  the 
help  of  equation  (5) : 


s(q(s)»l)  + 1 
s+I 


s 

7PT 


(15) 


For  computation  of  the  Jacobian,  one  can 
break  the  equation  (9)  into: 


>f  (Z  (s,r> ) . Q ( Z ( s , r ) ) 

~ b21  ~ _ 

’ri  ‘ri 


(16) 


where 


3Q (Z (s ,r) ) . (1-z(3<r)L,  ^-J-iZis^r) 


3r . 


rri 
-i- 


C I*  1 i (I-Z(s,r)Lu)”  Z(s  *>+1] 

(17  ) 

The  equation  (17  ) is  computed  for  each  of 
the  internal  circuit  parameter  which  is 
subject  to  variation  (i.e.  u,  L,  C and  R) 
and  is  evaluated  at  the  nominal  value. 


3Q(Z  (s,r) ) 
Tu 


g(s) 

g(s) 

s 

0 

0 


3Q(Z (s,r) ) 

“IE 


3Q(Z (s,r) ) 

1c 


0 -q(S) 

s+l” 


-q  (s) 


FiT 

0 -q  (S)  -q  (S 


-q  (3)  -q  18) 

sTs+T)  S (S+l 
0 0 0 

0 0 0 


(18) 


0 

0 

0 

-g  (s) 

-1/S  _C 

(s)  q ( 

S 

s 

s+1)  its 

0 

0 

0 

0 

0 

0 

0 

0 

?9<£l2 

(s+1) 

(s+1) 

0 

0 

q (s) 

? 2 

_mi2 

(•>1) 

(s+1) 

0 

0 

-a/ (s+1)2  -«  , 

0 

0 

3 

3 

(s+1)2 

(s+l)‘ 

(19) 


(20) 
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3Q  ( Z ( 3 , £ ) ) 

ic 


-gt*> 

(s+l)* 
-q  (a) 

<3+1) 


Sq  (3) 
(3+1) " 

ai*l2 

(s  + l) 


1/(S+1)  -S/(S+1) 


3/ (8+1) 


2 2| 

■3  / (S+l)y 


(21) 


Equations  (18)  through  (21)  are  further 
used  to  compute  3f(Z(s,r)),  3f(Z(s,r))  , 
>u  3L 


)f (Z (s,  r) ) an(J  af (Z (s,r) ) 

ic  3R 


using  equa- 


tion (16)  and  the  Jacobian  is  computed  by 
the  use  of  equation  (22) 


Jp  (£) 


('af  (Z(s,r) ) : 3f  (Z(s.r) ) ; 
jj  all  ; TU  i 

af <z<s,r>)  J af  (z  (s,r) )' 

■ aR 


which  is  found  to  be : 


(22) 


1*9(3) 

0 

sg(s) 

sg  (s) 

s+l 

2 

(S+l) 

(s+l) 

g (s) 

tn- 

-q(3) 

3+1 

2i*i  2 

(s+l) 

g(«) 

(s+l) 

0 

0 

3 

2 

-s 

(3+1) 

(s+l)' 

0 

0 

3 

3 

(S  + l) 

(S+l) 

According  to  the  theory  outlined  in  Section 
IV,  we  compute: 

i - 4<r)  ■ 4 - Number  of  linearly  indepen- 
dent columns  of  J_(r) 

(24) 

for  various  combinations  of  outputs  and 
hence  those  of  the  outputs  chosen. 


A tabulation  of  all  such  combinations  is 
given  below: 


<T7iT' 

No.  oi  Output*  cr.o*4in 

Output  st 

1 

4 

WVvt 

0 

2 

3 

Eo'1o,‘» 

0 

3 

3 

Wvi 

1 

4 

Wro 

1 

5 

3 

vl'eo-lo 

1 

6 

2 

toAo 

1 

7 

2 

V1* 

1 

8 

2 

vvl 

2 

9 

2 

V*o 

2 

10 

•o'1* 

1 

11 

io'Vi 

2 

12 

*0 

2 

13 

40 

2 

14 

1 

l» 

2 

15 

1 

vl 

1 

A quick  glance  at  the  table  in  (25)  gives 
a measure  of  testability  (and  hence  its 
application  in  fault  analysis)  for  the  given 
circuit.  For  example  in  case  1 and  in  case 
2,  4 ■ 0 means  that  the  failure  can  be  isola- 
ted exactly,  while  in  cases  3 through  7 and 
case  10,  4 ■ 1 means  that  it  can  be  isolated 
upto  an  error  in  one  parameter  and  so  on. 
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Abstract 

This  paper  discusses  the  computation  of  a 
measure  of  testability  for  linear  analog  cir- 
cuits and  systems.  The  theory  supporting  this 
measure  has  oeen  developed  in  an  earlier  re- 
ference. The  present  paper  reflects  on  the 
computational  aspects  Involved  and  presents 
examples  based  thereon. 

I . Introduction 


There  has  been  considerable  Interest  re- 
cently in  establishing  a measure  of  testabil- 
ity for  electronic  circuits  and  systems.  Such 
a measure  may  be  used  by  the  circuit  or  sys- 
tems engineer  or  an  aid  In  designing  testable 
circuits.  Indeed,  with  Increasing  circuit  com- 
plexity, such  a measure  Is  rapidly  becoming  a 
necessity.  This  need  Is  reflected  In  a recent 
paoer  by  Greenoaum  [1].  Though  Greenbaum's 
paper  primarily  refers  to  automated  testing  for 
digital  systems,  the  general  views  expressed 
are  quite  In  order  for  the  analog  fault  an- 
alysis case  as  well . 

The  measure  prooosed  In  foilwing  pages  can 
be  easily  determined  by  computer  and  serves  to 
quantify  circuit  testability.  Furthermore, 
it  may  serve  as  an  aid  In  partitioning  a cir- 
cuit for  ease  of  testing  and/or  for  the  choice 
of  test  points. 

The  purpose  of  the  present  paper  Is  to 
formulate  a computational  algorithm  for  the 
determination  of  this  measure  of  testability. 
Section  II  gives  a brief  review  of  the  theory 
behind  the  development  of  the  proposed  measure 
of  testability.  This  Is  followed  in  Section  III 
by  a development  of,  and  justification  for,  our 
computational  algorithm. 

II.  A Review  Of  Theoretical  Aspects 

A detailed  development  of  our  measure  of 
testability  has  been  presented  In  an  earlier 
paper  [2].  However,  in  order  to  permit  a 
meaningful  understanding  of  the  Ideas  to  be 
brought  out  in  Section  III,  a brief  review  of 
the  theory  involved  is  given  below. 

The  starting  point  of  our  discussion  Is  the 


component  connection  model  for  a circuit  or  sys- 
tem [3].  If  u and  y represent  the  vectors  of 
Inputs  and  outputs  for  the  overall  circuit  or 
system,  while  a and  b are  the  vectors  of  com- 
ponent Inputs  and  outputs  respectively  their 
overall  system  equations  and  the  component 
equations  are  characterized  by  the  following 
transformation: 

y - Su  (1) 

and 

b • Za  (2) 


These  transformations  are  related  by  the  con- 


nection equations: 


a 

l7J 


L11  j LI2 

• N 

b 

L21  | L22 

u 

(3) 


Where  Ln  are  matrices  with  real  entries.  .Now, 
upon  combining  equations  (1),  (2),  and  (3),  we 
obtain 


S(s,r)  • L22  ♦ 1-21  n*z(s»r))*'  z (*.r)  l-i2 


■ f(Z(s.r)) 


(4) 


Where  s and  r have  been  Included  to  represent 
the  complex  frequency  variable  wd  the  vector  of 
potentially  variable  circuit  parameter. 


Now  we  assume  that  all  faults  manifest  them- 
selves In  the  variations  of  r with  component 
types  and  connections  are  assumed  fixed.  A basic 
approach  for  a single  frequency  fault  analysis 
will  therefore  reduce  to  the  solution  of  equa- 
tion (4)  for  the  vector  r corresponding  to  the 
measured  value  of  S(s,r).  This  unfortunately 
requires  a large  numoer  of  test  points,  which  Is 
often  Impractical. 

However,  a multi  frequency  analysis  of  equa- 
tion (4)  offers  us  a method  of  obtaining  addit- 
ional equations  with  the  same  number  of  unknowns: 


! 

f 
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f(Z(srr)) 
f(Z(s2.r)) 

S'1*  » S(s3,r)  • f(Z(s3,r) ) *F(r)  (5) 

! . . . ... 

S(sn.r)  f(Z(sn,r)) 

* a L 

where  f(Z(s,r))  Is  as  defined  by  equation  (4). 

A small  variation  In  one  of  the  potentially 
variable  component  parameters  has  an  effect  on 
F(r)  which  is  expressible  In  terms  of  the  Jacobian 
Matrix  Jp(r)  of  F(r ) evaluated  at  r,  the  solution 
to  equation  (S). 


III.  An  Algorithm  To  Evaluate  1 

Theorem  1 from  section  II  can  oe  expressed 
as: 

£(r)  * k - No.  of  linearly  independent 
, 1 * 1.2. ...k 

(7) 

'Where  k is  ..he  dimension  of  the  parameter  space 
r. 

The  matrix  3f(Z(s,r))  In  the  above 


expression  can  be  computed  via  the  following  for- 
mula [3]: 


The  system  Is  thus  completely  dlagonosible  if 
Jp(r)  Is  nonsingular,  using  the  available  test 
points  and  the  test  frequencies.  That  is  to  say 
the  multi  frequency  fault  analysis  equations,  have 
a unique  solution  in  a neighborhood  of  the  actual 
value  of  the  parameter  vector.  If  Jp(r)  is 
singular,  a generalized  Inverse  of  the  Jacobian 
matrix  can  be  used  to  solve  the  fault  analysis  e- 
quatlons  upto  a i(r)  dimensional  manifold  In  the 
parameter  space  where  a ( r ) Is  equal  to  the  dimen- 
sion of  the  null  space  o 7 the  Jacobian  matrix. 

This  dimension  therefore  defines  a local  measure 
of  testability  at  r via: 

5(r)  * Minimum  ^null  Jp(r)j  (6) 

Where  the  minimum  Is  taken  over  all  possible 
choices  of  frequencies  s.|,s2,s3 sn>  n * 1,2,3, 

The  necessity  of  minimizing  over  a potentially 
Infinite  set  of  possible  test  frequencies  to  com- 
pute i(r)  Is  alleavlated  by  the  following  theorem: 

Theorem  1 : a(r)  as  defined  by  equation  (6)  above 
is  eoual  to  the  nullity  of  the  set  of  rational 
matr1cespf(Z(s,r)tj  , 1 >2>  ^ 

- 3r1  J 

viewed  as  elements  of  a vector  space  over  the  field 
of  complex  numoers. 

Further,  this  local  measure  of  testability 
5(r)  becomes  a global  measure  of  testability  with 
the  aid  of  the  following  theorem: 

Theorem  2:  j(r)  Is  constant  "almost  everywhere". 

Proofs  of  the  above  theorems  appear  In  ref- 
erence [4]  wherein  "almost  everywhere"  Is  defined 
in  the  algebraic  geometric  sense.  The  generic 
value  of  5{r)  Is  thus  taken  as  our  desired  global 
measure  of  testability  and  Is  denoted  by  5.  This 
measure  of  testability  Is  Independent  of  the  choice 
of  test  frequencies  as  well  as  the  failure  and  Is 
thus  a function  only  of  the  system  under  test  and 
the  location  of  Its  test  points. 


Jf(r)  * lf(Z(s,r))  » L21  (I-Z(s.r)L^ )”' 

~1 

3Z(s,r)j'l  ♦ ln  (I-Z(s,r)Ln  )-1 

5r'-  L Z(s.r)H2]  (8) 

where  r^.is  the  potentially  variaole  circuic  para- 
meter. 


The  dimension  of  the  above  matrix  given  by 
equation  (8)  Is  ? by  q when  p Is  the  number  of 
available  output  test  points  and  q Is  the  number 
of  available  Input  test  points. 


It  Is  convenient  however,  to  make  Jf(r)  a 
column  vector,  by  stacking  the  various  columns, 
under  the  first  column.  Then  the  linear  Indepen- 
dence of  the  matrices  for  various  r^  can  be 
checked  using  tnese  column  vectors  whose  dimen- 
sion Is  pq.  Equivalently,  the  number  of  linear- 
ly Independent  Jf(r)  matrices  Is  equal  to  the 
column  rank  (over  the  field  of  complex  numbers) 
of  the  matrix: 


M(s)  »£v 


5r7!  — ,vec 


Where  "vec"  denotes  the  operation  of  a stacking 
the  column  of  the  Jf(r)  matrix  Into  a single 
co 1 umn . 


The  problem  of  computing  the  column  rank  of 
the  rational  matrix  M(s)  can  be  transformed  Into 
an  equivalent  problem  of  computing  the  rank  of  the 
complex  matrix : 


Where  the  Sj ' s are  distinct  frequencies. 

Now  If  M(s)  V * o for  a complex  vector  V, 


* \ 
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then, 

M(Sj)V  * o V j (11 ) 

Hence, 

M^) 

M(s2) 

Mn  V * V * o (12) 

M<sn> 

Showing  that, 

rank  M < col  rank  M(s)  (13) 

n — 

Independently  of  the  number  and  value  of  the  test 
frequencies. 

Conversely  if  MnV  » 0 for  sufficiently  large 
n (>k  times  M(s)  V*  0,  ie.  if  a rational  function 
Is  zero  at  sufficiently  many  frequencies,  it  is 
identically  zero  by  the  funaamental  theroem  of 
Algebra. 


4)  Form  the  Mn  matrix  and  the  P matrix. 

5)  Use  the  Sturm  sequence  algorithm  to 
compute  5. 

For  the  same  circuit  or  system  it  Is  pos- 
sible to  carry  out  the  above  analysis  with 
various  (or  all)  possible  combinations  of  test 
Inputs  and  outputs.  It  is  also  possible  to  give 
cost  values  to  each  of  these  test  imputs  and  out- 
puts depending  upon  factors  such  as  ease  of 
accessabi 1 ity , effect  on  system  and  test  equip- 
ment required,  etc.  Then  one  can  determine  an 
optimum  choice  of  test  points  compatible  with  a 
desired  degree  of  testability. 

The  authors  have  developed  a computer 
package  based  on  the  above  algorithm.  Several 
examoles  of  various  passive  and  active  circuits 
were  run  on  the  package  and  the  5 and  cost  com- 
puted. Two  of  these  examples  are  presented  in 
the  next  section  as  a part  of  illustration. 

Details  on  the  Computer  Package  appear  in 
reference  [4]  and  a complete  descriotion  along 
with  a program  listing  is  available  in  reference 
[7]. 


As  such,  i 

col  rank  M(s)  < rank  Mn  (14) 

Therefore,  from  equations  (13)  and  (14)  our 
computational  problem  is  reduced  to  the  computa- 
tion of 

rank  ■ col  rank  M(s)  (15) 

n 

where  n is  taken  to  be  sufficiently  large. 

Now  the  rank  of  Mn  equals  the  rank  of_the 
k by  k positive  semi  definite  matrix  P * Mn  % 
which  is  in  turn  equal  to  the  number  of  non  zero 
eigenvalues  of  this  P matrix  [7]. 

A tridiagonal izatlon  by  Householder's  method 
followed  by  the  computation  ot  a Sturm  sequence 
[5-7]  may  be  used  to  compute  the  rank  of  Mn  with- 
out actually  computing  the  eigenvalues  of  P. 

This  procedure  can  be  outlined  in  the 
following  steps: 

1)  Formulate  the  component  connection  model 
for  the  system. 


IV.  Examoles 

Example  1.  As  a first  example,  consider 
the  single  stage  NPN  RC-Coupled  transistor  am- 
plifier shown  in  Figure  1 and  its  hybrid-ir 
equivalent  circuit  [10]  shown  in  Figure  2. 
Assuming  four  outputs  available  (for  comparison 
purposes)  and  a single  Input,  a set  of  connection 
equations  for  the  equivalent  circuit  are  given 
In  equations  (15)  and  the  corresponding  set  of 
component  equations  are  given  in  (17).  Since 
It  is  not  physically  possible  to  Isolate  a 
fault  in  one  of  the  two  parallel  resistor  while 
they  are  still  connected,  a parallel  combination 
- R, ' of  the  two  resistors  R*  and  Rj,  is  con- 
sidered in  the  equations,  thus  giving  rise  to  12 
components.  As  5 is  constant  almost  everywhere 
and  thus  Independent  of  the  actual  component 
values,  for  computational  purposes  one  can  take 
the  nominal  value  of  all  the  12  components  to 
be  unity. 

The  maximum  number  of  possible  cases  for 
various  combinations  of  test  inputs  and  outputs 
is  15. 


2)  Choose  a range  and  number  of  frequencies* 

3)  Formulate  the  ^ matrix  of 

each  test  frequency. 


As  per  the  procedure  outlined  in  section  III, 
a Sturm  sequence  solution  was  used  to  compute  5 
in  each  possible  case  and  a tabulation  of  the 
values  obtained  is  given  in  (19).  These  Include 
costs  assigned  (for  illustrative  purpose)  to 


various  Inputs  and  outputs  according  to  (18). 

•Note  that  the  resultant  5 is  Independent  of  the  The  table  in  (19)  gives  the  measure 

choice  of  test  frequencies  so  long  as  sufficiently  0f  testability  i and  the  associated  cost  for 

many  frequencies  are  employed.  As  such,  we  may  each  case.  For  example,  for  a failure  to  be 

employ  real  frequencies  for  simplifying  the  re-  Isolated  exactly  we  require  i-o,  it  will  then  be 

sultant  computations.  cheapest  to  select  case  5 (with  input  1 and 
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outputs  1 and  2)  at  a cost  of  4.  Further,  If 
an  error  In  a single  parameter  Is  acceptable 
ie  i*l,  case  6 will  also  yield  a cost  of  4. 
However,  if  a 5«2  is  acceptable,  one  can  easily 
see  that  both  cases  2 (with  input  1 and  output 
2)  and  3 (with  input  1 and  output  3)  prove  to  be 
equally  attractive  with  a cost  of  3 each,  etc. 

Example  2.  The  second  example  Illustrates  the 
appl ication  of  a algorithm  to  a Band  Elimination 
Passive  Filter  shown  in  Figure  3. 

The  other  data  used  is: 


Nominal  value  of  each  component  ■ 1 
Number  of  Components  used  * 3 

Number  of  potentially 
variable  parameters  • 3 

Number  of  frequencies  used  »15  (20) 


Here  again,  it  can  be  seen  from  (24)  that  no 
single  output  along  with  the  input  can  give  us  a 
fault  isolation  capability  wit  no  error  (ie  <5*o). 
With  two  outputs  the  optimum  choice  is  case  6 (in- 
put and  outputs  1 and  3)  with  x«o  and  cost  of  6. 
However,  if  3-1  is  acceptable  case  1 (with  input  1 
and  output  1)  is  most  acceptable  choice  with  an 
associated  cost  of  3. 
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Figure  1.  One  Stage  Transistor  Amplifier 


Figure  2.  Amplifier  Equivalent  Circuit 
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Figure  3.  Band  Elimination  Passive  Filter 
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INPUTS  AND  OUTPUTS  (Example  1) 


Number 

Deslqnatlon 

Inputs 

Type 

Deslqnatlon 

Cost 

1 

V1 

1 

Outputs 

Number 

Type 

Oeslqnatlon 

Oeslqnatlon 

Cost 

1 Vo  1 


RESULTS  (Example  1) 


Case 

No.  of  Inputs 
Chosen 

No.  of  Outputs 
Chosen 

No.  Designation 
of  Input  chosen 

No.  Designation 
of  Output  Chosen 

Cost 

Delta 

1 

1 

I 

1 

2 

3 

2 

1 

2 

3 

2 

3 

1 

3 

3 

2 

4 

1 

4 

4 

3 

5 

2 

1.2 

4 

0 

6 

2 

1.3 

4 

l 

7 

2 

1 

1.4 

5 

0 

3 

2 

1 

2.3 

5 

2 

9 

2 

1 

2.4 

6 

1 

10 

1 

2 

1 

3.4 

6 

0 

11 

3 

1 

1.2.3 

6 

0 

12 

| 

3 

1 

1.2.4 

7 

0 

13 

3 

1 

1.3.4 

7 

0 

14 

3 

1 

2.3.4 

8 

0 

15 

4 

l 

1,2. 3.4 

9 

0 

(19) 
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CHAPTER  I 

, INTRODUCTION 

1.1  Introduction  to  Fault  Analysis 

The  rapid  advances  made  in  the  Integrated  circuit  technology 

* have  resulted  in  the  development  of  new  types  of  digital  as  well  as 
analog  circuits  of  great  complexity.  Integration  has  led  to  embedding 
of  more  and  more  individual  circuit  elements  in  a single  chip.  Fur- 

* ther,  a number  of  such  chips  along  with  the  Interconnection  structure 
may  be  combined  together  to  construct  a large  circuit  or  system. 

This  results  in  increased  complexity  of  the  structure,  and  hence, 
more  difficult  maintenance.  If  a departure  from  the  anticipated  oper- 
ation of  the  circuit  is  observed,  the  faulty  element  or  elements  need 
to  be  located.  This  process  of  ascertaining  whether  a circuit  or 

1 system  is  operating  as  expected.  Is  termed  as  "Fault  Detection"  while 

the  precise  determination  of  the  component  or  subsystem  which  failed 
is  called  "Fault  Isolation"  or  "Fault  Location."  "Fault  Analysis" 
concerns  itself  with  techniques  to  achieve  "Fault  Detection,"  "Fault 
Location,"  and  possibly,  "Fault  Prediction." 

Historically,  research  In  the  area  of  fault  analysis  of  circuits 
and  systems,  has  progressed  along  two  Independent  paths.  Bibliog- 
raphies In  these  two  areas  have  been  compiled  by  Rault,  et  al . [1,  2]. 
Digital  fault  analysis  techniques  have  utilized  combinational  proper- 


ties of  the  circuit  or  system  components,  i.e.,  one  tests  each  compon- 
ent of  the  circuit  by  applying  a family  of  test  Inputs  to  that  circuit. 
If  the  expected  response  is  obtained,  the  circuit  is  assured  of  oper- 


150 


ating  properly  and  so  are  all  of  its  components.  On  the  other  hand, 
if  the  circuit  fails  to  operate  correctly  for  one  or  more  test  inputs, 
the  faulty  component(s)  may  be  isolated  by  determining  the  set  of 
components  which  are  exercised  by  exactly  that  set  of  input  test 
signals.  In  the  case  of  analog  circuits,  however,  one  has  the  ad- 
vantage of  testing  the  circuit  using  signals  of  different  frequencies. 

i . 

Hence,  it  Is  possible  to  measure  the  gain  between  various  circuit  test 
points  at  several  frequencies.  Then,  by  analytical  means,  the  circuit 
parameters  are  determined  which  yield  these  gains.  If  the  resulting 
component  parameters  are  within  the  specified  tolerances,  the 
corresponding  component  can  be  assumed  to  be  working,  whereas,  if  a 
computed  component  parameter  deviates  significantly  from  its  oper- 
ating range,  the  corresponding  component  may  be  assumed  faulty. 

Fault  Analysis  techniques  for  digital  and  analog  circuits  with 
memory  differ  from  each  other.  While  in  case  of  digital  circuits  [3], 
the  test  complexity  Increases  exponentially  with  memory  due  to  the 
combinational  approach,  the  opposite  is  true  for  analog  circuits  with 
memory.  Here,  one  uses  multi frequency  testing  techniques  in  which 
one  can  measure  the  gain  between  a pair  of  test  points  at  several 
different  frequencies  simultaneously  from  a single  test  signal.  This 
results  In  a reduction  of  the  total  number  of  test  inputs  required  for 
a dynamical  analog  circuit  as  compared  to  a memoryless  circuit. 

1.2  Fault  Analysis  in  Analog  Circuits 

A survey  of  references  [1]  and  [2]  yields  an  interesting  obser- 
vation. Analog  fault  analysis,  though  historically  older,  has  been 
left  behind  by  its  Digital  counterpart  and  most  recent  progress  has  been 
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in  the  latter  area.  One  of  the  sources  of  this  phenomena  is  the  rapid 
advances  and  needs  of  the  industry  in  the  area  of  digital  electronics, 
which  has  served  as  a stimulus  for  researchers.  However,  it  is  be- 
lieved that  analog  fault  analysis  has  an  equally  important  impact  on 
the  maintainability  and  serviceability  of  equipment.  Considering  the 
time  taken  for  detection,  isolation  and  repair  of  a fault  (for  example 
in  terms  of  MTTR),  it  is  believed  that  the  development  of  analog  fault 
analysis  techniques  deserves  even  more  attention.  This  fact  provided 
a motivation  for  research  in  this  area  and  led  to  the  development  of 
the  present  thesis. 

In  general,  analog  fault  analysis  is  heavily  predicted  on  spectral 
theoretic  techniques  formulated  in  a frequency  domain  setting.  In  the 
area  of  fault  analysis  of  analog  circuits,  a number  of  recent  papers 
[4-6]  have  employed  the  component  connection  model  of  a large  scale 
system. 

1.3  The  Component  Connection  Model 

The  classical  approach  of  modeling  a system  in  terms  of  its  trans- 
fer function  becomes  prohibitive  for  large  scale  systems.  A relatively 
new  approach  based  on  seperating  the  components  of  a system  from  the 
interconnection  has  been  recently  developed  [5].  The  chief  advantage 
of  such  a bifurcation  lies  in  the  fact  that  overall  system  constraints 
are  broken  into  components  constraints  and  the  interconnection  con- 
straints. The  component  constraints  depend  on  the  behavior  of  the  de- 
coupled components  while  the  connection  constraints  take  the  form  of 
linear  algebraic  equations  (Kirchoff's  Laws,  scalar  and  adder  equations, 
etc.).  This  fact  simplifies  the  analysis. 
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Figures  1.1  and  1.2  illustrate  the  development  of  the  component 
connection  model.  Here  u and  y represent  the  vectors  containing  the 
inputs  and  outputs  respectively  of  the  overall  system  while  a and  b 
are  vectors  whose  elements  are  the  Inputs  and  outputs  respectively  of 
each  individual  component.  Thus  the  hatched  and  shadowed  areas  in 
the  figure  1.1  represent  the  system  components  and  the  interconnect- 
ions respectively;  and  descriptions  of  the  overall  system  and  of  the 
components  are  given  by  the  following  two  transformations: 

y * Su  (1-1) 


and 


b = Za 


(1.2) 


A separation  of  the  components  and  connections  as  shown  in  figure 
1.2  gives  us  a "donut  shape"  connection  box  whose  inputs  are  u and  b 
and  outputs  are  y and  a.  Their  connections  are  expressible  in  terms 
of  linear  algebraic  equations  which  can  be  modeled  by  the  matrix 
equation: 


- “ 

a 

. r Ln ! Li2 

r 

! b 

y 

[L2l|L22 

luJ 

(1.3) 


Equations  (1.2)  and  (1.3)  represent  the  component  connection 
model  for  the  system.  Several  studies  have  been  made  into  the  exist- 
ence and  computer  Implementations  of  these  equations  [7-11]. 


I 


. 


The  component  connection  equation  (1.2)  above,  contains  the 
equation  of  each  decoupled  component  and  so  when  expressed  in  the  fre 
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Figure  1.1  System  Representation 
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quency  domain  for  a n component  system  with  a potentially  variable 
parameter  vector  r included  in  the  component  transfer  function  Z,  can 
also  be  represented  as: 


bl 

Z1 (s,r) 

ai 

b2 

3 

Z2(s,r) 

a2 

bn 

Z (s,r) 
n 

an 

(1.4) 


where  each  of  the  Z(s,r)'s  may  represent  a different  component  which 
may  be  a scalar  or  a vector  depending  upon  the  number  of  Inputs  and 
outputs  of  the  component. 

For  example,  a capacitor  may  be  modeled  by  Z(s,r)  * l^(r)s 

C(r)  is  the  potentially  variable  capacitance.  Similarly  a delay  may 
be  modeled  as  Z(s,r)  * f(r)  esT^  where  f(r)  Is  a gain  function  de- 
pendent on  r and  T(r)  Is  the  time  delay.  A resistance  can  be  repre- 
sented by  Z(s,r)  * R(r)  where  R(r)  is  the  potentially  variable  resist- 
ance. As  a more  complex  example,  an  operational  amplifier  can  be 

modeled  as  Z(s,r)  * K where  K is  the  gain  and  p,  and 

(s  + p-,)  ( s + p2) 

P2  are  the  poles  of  the  transfer  function.  Here,  the  potentially 
variable  circuit  parameter  vector  r can  be  expressed  as  Col.  (K,  p1 , p2) . 


155 


1.4  The  Fault  Analysis  Equations 

Using  equations  (1.2)  and  (1.3)  one  can  obtain  the  following 
equation:  «* 

S(s,r)  « L22  + L21  (I  - Z(s,r)  L^)-1  Z (s,r)  L12  (1.5) 

where  s and  r are  the  frequency  and  the  potentially  variable  circuit 
parameter  respectively. 

The  above  equation  relates  the  overall  system  operator  S to  the 
component  operator  Z.  When  using  this  equation  for  fault  analysis 
work,  the  connections  are  assumed  fixed  and  hence  the  equation  (1.5) 
can  be  considered  as  a system  valued  function  of  a component  valued 
variable.  This  may  be  expressed  as: 

S(s,r)  » f (Z(s,r))  (1.6) 

which  Is  a form  applicable  to  our  problem,  if  It  Is  assumed  that  all 
faults  manifest  themselves  in  the  variations  of  r with  component  types 
and  the  connections  remaining  fixed.  As  such,  the  fault  isolation 
problem  is  reduced  to  the  measurement  of  S(s,r)  at  some  frequency  and 
the  solution  of  equation  (1.6)  for  r.  Unfortunately,  the  solution 
requires  the  left  Invertlblllty  of  the  matrix  [4,11] 

K - L12T  © L21  (1.7) 

where  T denotes  the  transpose  and  (Q Indicates  the  Kronecker  matrix 
product  [12].  This  In  turn  requires  that  the  system  have  a large 
number  of  test  points. 
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Here,  one  has  two  alternatives;  either  add  more  test  points,  or 
use  several  frequencies.  Both  involve  an  increase  in  cost  In  terms  of 
hardware  or  software,  respectively.  The  former  approach  is  analytic- 
ally straightforward  and  only  requires  the  addition  of  more  test  points 
In  such  a manner  that  the  additional  rows  of  K corresponding  to  these 
new  test  points  render  K invertible.  From  a practical  point  of  view, 
however.  It  Is  often  not  feasible.  The  main  hurdle  is  the  accessa- 
bllity  of  test  points.  The  alternative  approach  consists  of  evalu- 
ating S(s,r)  at  several  frequencies,  for  the  "same"  test  points  in 
which  case  one  has  to  solve  the  following  set  of  simultaneous  equations 
expressed  in  the  matrix  form: 


S(Sj ,r) 

^(Z(s7 ,r) ) 

S(s2,r) 

f (Z(s2,r) ) 

S(s3,r) 

a 

f(Z(s3,r) ) 

• 

_s<v>_ 

f(Z(sn,r)) 

To  sum  up,  the  multi  frequency  approach  to  fault  isolation  in- 
creases the  number  of  equations  In  the  same  number  of  unknowns, 
(assuming  that  the  component  variations  with  frequency  are  known  and 
nonfaulty).  There  Is,  however,  a limit  to  the  number  of  such  addition- 
al frequencies  which  can  be  employed.  This  is  due  to  the  finite  degree 
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(in  s)  of  the  components  which  renders  the  equations  obtained  for  the 
additional  frequencies  redundant.  This  becomes  significant  if  one 
desires  to  use  a minimum  number  of  test  points.  The  theory  in  Chapter 
II  gives  a method  of  determining  maximum  number  of  non-redundant  test 
frequencies  without  actually  solving  the  equations. 

1.5  The  Measure  of  Testability 

* There  has  been  considerable  interest  recently.  In  determining 

measures  of  testability  for  Electronic  Circuits  and  Systems.  Such  a 
measure  gives  a quantitative  description  of  the  extent  to  which  faults 
can  be  isolated  in  the  circuit  or  the  system.  This  becomes  Important 
as  the  complexity  of  the  circuit  Increases,  which  in  turn  demands  a 
more  formalized  theory  of  testing.  The  measure  proposed  In  the 
following  chapters  is  easy  to  compute  by  multi  frequency  analysis  and 
serves  to  quantify  the  testability  of  the  circuit.  This  can  be  em- 
ployed in  the  partitioning  of  the  circuit  and  the  optimum  choice  of 

* test  points  at  the  design  stage. 

Chapter  II  presents  the  basic  theory  behind  the  development  of 
our  measure  of  testability  with  a simple  analytic  example.  Chapter 

* III  describes  the  computational  aspects  of  our  measure  of  testability 
and  the  analytic  justification  for  our  computational  algorithm.  This 
is  followed  by  Chapter  IV,  where  flow  charts  for  the  computer  Im- 
plementation of  the  algorithm  for  evaluation  of  the  measure  are  pre- 
sented. These  are  based  on  a computer  package  ECMP  (Electronic 
Circuit  Measurability  Package),  which  Is  the  specific  Implementation 
in  FORTRAN.  Chapter  V describes  a number  of  examples  run  on  the 
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above  package, 
recommendations 


Finally,  Chapter  VI  comments  on  the  conclusions  and 
for  future  work. 
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CHAPTER  II 

THE  MEASURE  - THEORETICAL  ASPECTS 
2.1  The  Measure  - Formulation 

To  understand  the  effect  of  a small  change  in  a certain  circuit 
parameter  (eg:  a component,  temperature  or  impurity  concentration  in 
case  of  solid  state  circuits,  etc)  on  the  whole  system,  so  that  it  can 
serve  as  a basis  for  fault  analysis  when  approached  from  the  opposite 
direction,  one  needs  to  compute  the  Jacobian  matrix  Jf(r)  evaluated 
at  the  solution  r of  the  fault  analysis  equations  given  by  equation 
(1.8). 

A little  matrix  algebra  reveals  that  the  Jacobian  matrix  of  F(r) 
evaluated  at  value  of  the  failed  parameter  vector  r can  be  expressed 
as  [5]: 

af(Z(s,r)  aZ(s,r) 

Jf(r)  * gjr  * Lgi  (I-Z(s,r.)L'ji ) ~ 

[I  + ln  (I-Z(s,r)L11)‘1Z(s,r)  L]2]  (2.1) 

where  r^  is  the  potentially  variable  circuit  parameter. 

Application  of  the  following  matrix  identity  has  been  made  In  the 
derivation  of  the  above  equation: 

a_  M_1  - -M'1  aM  M"1  (2.2) 

ax  ax 

Now  by  the  Inverse  function  theorem  [21]  If,  with  available  test 
points  and  frequencies,  one  can  make  the  Jacobian  matrix  J^(r)  non- 
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singular  (actually  a left  invertibil ity  will  suffice),  the  system  can 
be  completely  diagnosed.  That  is  to  say  the  multi  frequency  fault 
analysis  equations,  have  a unique  solution  in  a neighborhood  of  the 
actual  value  of  the  parameter  vector.  However,  If  J f(r)  is  singular, 
a generalized  inverse  of  the  Jacobian  matrix  can  be  used  to  "solve"  the 
fault  analysis  equations  up  to  a manifold  in  the  parameter  space  whose 
dimension  Is  equal  to  the  dimensJ>n  of  the  null  space  of  the  Jacobian 
matrix.  Since  this  dimension  is  - accurate  measure  of  the  ambiguity 
in  the  test  algorithm,  it  defines  a measure  of  system  diagnosibil ity 
and  the  minimum  possible  such  dimension  of  the  null  space  gives  the 
desired  measure  of  testability. 

Consistent  with  the  above,  we  define  a local  measure  of  testabil- 
ity at  r to  be: 

$(r)  * Minimum  [null  J^( r) ] (2.3) 

where  the  minimum  Is  taken  over  all  possible  choices  of  frequencies 
S1 * s2’  s3*  • • * sn*  n * 3,  . . . 

In  a case  where  only  one  test  frequency  is  employed,  it  follows 
from  equation  (2.1),  that  the  null  space  of  the  Jacobian  Is  equal  to 
the  null  space  of  the  K matrix  given  by  equation  (1.7)  and  so  with 
more  equations  due  to  additional  test  frequencies  one  Is  assured  that: 

6(r)  < d' 


where  d is  the  dimension  of  null  space  of  matrix  K.  Of  course,  the 
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optimal  solution  is  to  have  6(r)  * 0.  This,  in  other  words,  means 
that  the  solution  of  the  non-linear  equation  (1.8)  is  a 5(r)  di- 
mensional manifold  in  the  neighborhood  of  r.  This  follows  readily 
from  the  implicit  function  theorem  [21],  The  function  involved  is 
completely  invertible  locally  if  «(£)  a 0. 

From  above,  we  see  that  if  one  is  able  to  compute  5(r)  accurately, 
it  is  possible  to  get  a measure  of  uncertainity  involved  in  the  solu- 
tion of  equations  for  fault  analysis. 

2,2  The  Local  Measure  - Determination 

Though  a definition  of  local  measure  fi(r)  has  been  given  by 
equation  (2.3),  it  Is  not  possible,  so  far,  to  compute  5(r)  sinca  it 
involves  the  determination  of  "minimum  null"  where  minimum  needs  to  be 
» taken  over  all  possible  choices  of  complex  frequencies  s-j  • $2»  ••• 

Sn»  n 3 1»  2,  ...  . 

In  other  words,  the  determination  of  s(r)  requires  minimization 
I over  a potentially  Infinite  set  of  possible  test  frequencies.  This 

difficulty,  Is  however,  alleviated  by  the  use  of  the  following  theorem: 
Theorem  1 : 5(r)  as  defined  by  equation  (2.3)  Is  equal  to  the  nullity 

I of  the  set  of  rational  matrices  ["*  3f(Z(s,jr)  , 1 » 1,2,  ...  k 

viewed  as  elements  of  a vector  space  over  the  field  of  complex  numbers. 
I Proof: 

If  Sm  Is  the  measured  value  of  the  composite  system  transfer 
function  S(s,r)  given  by  equation  (1.6),  then  another  statement  of  the 
I theorem  would  be  to  show  that: 
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5 (r)  = k - Number  of  linearly  independent 


C ; i = 1 , 2,  ...  k ] 


(2.5) 


where  k is  the  dimension  of  the  parameter  vector. 

Without  loss  of  generality,  we  may  assume  that  Sm  is  a column 

vector  of  length  d (since,  otherwise,  it  is  possible  to  transform  it 

into  a column  vector  by  the  "vec"  operation  [20]).  Then  aS^will  also 

3ri 

be  a column  vector  of  length  d for  each  r^,  1*1,2,  ...  k. 

Hence,  the  proof  of  the  present  theorem  reduces  to  the  verifica- 
tion of  the  fact  that  the  number  of  linearly  independent  columns  in 
the  rational  matrix 


Rit(s)  Rio(s) 


• • R-||,(s) 


Ms) 


^21  ( ^ ) **22^ 


RMs) 


Rdl^  Rd2^ 


Rdk(s) 


(2.6) 


is  equal  to  the  maximum  possible  rank  of  the  following  complex  matrix: 
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VS1  > 


Rd(s2) 


Vsn> 


R7i(-St) 


Rdl<sl> 


R1 2 ( s7  ^ 


Rd2(si) 


Rn(s2)  R12^s2^ 


Rdl^s2^  Rd2^s2^ 


Rll^sn^  R12(sn) 


Rdl(sn)  Rd2(sn}  * 


Rdk(sl) 


Rlk<s2> 


Rdk(s2} 


Rlk(sn) 


Rdk^sn^ 


(2.7) 


where  s/s  represent  all  possible  choices  of  complex  frequencies  s^ , 
s2’  s3*  • • • sn  "»  n " ^ . • 

Now  clearly,  if  some  column  of  R(s),  say  the  kfh  is  dependent  on 


the  remaining  columns,  then 
k - 1 

rki<s>  * j i , *j  Vs) 


i * 1,2,  ...  d for  all  s. 


(2.8) 


where  the  a's  represent  constant  complex  coefficients. 

As  such,  by  applying  equation  (2.8)  Individually  for  each  frequency, 
(say  f). 


k - 1 


CoU  Rki(sf)  * j \ 1 “J  Co1,  Rji(sf 
for  any  possible  number  of  choices  of  s^. 


ct.  Col.  R,,(s.)  i 3 1,2,  ...  d 


(2.9) 


* 
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Therefore,  the  rank  of  the  matrix  of  equation  (2.7)  is  less  than 
or  equal  to  the  number  of  linearly  independent  columns  of  Rd(s)  over 
the  field  of  complex  numbers. 

Now,  in  order  to  prove  that  this  equality  of  rank  can  be  achieved 

with  an  appropriate  choice  of  complex  test  frequencies  s^,  we  come  back 

to  consideration  of  equations  (2.6)  and  (2.7). 

Without  loss  of  generality  we  assume  that 

Col.  [R  ,(s)  ; p > 1,  2,  ...  d]  though  Col.  [R  (s)  ; p = 1,  2,  ...  d] 

P ■ PM 

are  linearly  independent  over  the  field  of  complex  numbers  in  which 
case  we  must  show  that  there  exists  complex  frequencies  s-|,  Sg,  ...  sn 

which  make  the  first  q columns  of  the  matrix  of  equation  (2.7)  linearly 

independent  (q  <_  k) . If  q » 1,  Col.  [Rpl(s)  ; P 3 1,  2,  ...  d]  is  not 

identically  zero  (since  otherwise  it  would  not  be  linearly  independent) 
and  hence  there  exists  an  s-| , such  that: 

Col.  CRpl(s1)  ; P s 1 , 2,  ...  d]  t 0 (2.10) 

As  such,  the  columns  in  this  small  d x 1 matrix  are  linearly  inde- 
pendent. With  this  obvious  fact  as  a starting  point,  one  can  use  an 
inductive  argument  to  show  that  the  theorem  holds  for  all  values  of  q. 
Hence,  it  can  be  assumed  that  It  has  been  shown  that  for  q = l,  there 
exist  m complex  frequencies  s-|*  S2»  ...  sm,  such  that  the  matrix 
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» 


c(md)  x l = 


Rn(V  R12^s1^ 


Rd}^  Rd2(slJ 


Rn(s2)  r12(s2) 


Rd1^S2^  Rd2^S2^ 


Rll(sm)  R12(sm) 


Ru(s1) 


Rd£^Sl ) 


ru(s2) 


Rd£(s2) 


RU(sm) 


Rdl<sm>  Rd2(sm> 


'd£ 


<Sm> 


(2.11) 


has  i linearly  independent  columns  and  we  desire  to  show-that  there 
exists  an  s^  such  that  the  matrix  given  by  equation  (2.12)  has 
l + 1 linearly  independent  columns. 
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T(m+1)  d]  x 

l + 1 = 


Rn(s1) 

r12(s-|) 

• • • RU^S1^ 

RiU+l) 

<v 

Rdl(sl) 

W 

• • • • 

• • • Rd£^sl) 

RdU+l ) 

(Si) 

R11(s2) 

R1 2^2^ 

• * • RU^s2^ 

• • • • 

R1 [l* 1 ) 

(s2) 

Rdl(s2- 

Rd2(s2) 

• • • • 

• ' * *WS2^ 

Rd(£+1 ) 

(S2) 

Rll<sm> 

R12^sm^  ' 

• • 

• RU(sm) 

R1  (-t+1  ) 

• 

(sm> 

• • 

Rd2<s«)  ! 

•’  RU<sn,> 

• 

Rd(£+1 ) 

Rll(sm+1 

) R12(sm+1)‘  ’ ^U^m+l* 

R1 (£+1 ) 

(Vl> 

fWsm+l)  Rd2(sm+1^  * • Rd£(smf1)  Rd(£+1)  (sm+1 


(2.12) 


Since  the  matrix  R^m  x <j)  x i ec1uat',on  (2.11)  has  £ linearly 

independent  columns  it  must  contain  an  l by  l non  singular  submatrix 
R£x£  obtained  by  taking  l linearly  independent  rows  of  R(mxcj)  x £ 

Now  consider  the  [l  + 1)  by  (l  + 1)  submatrix  of 
R[m  + l)d]  x (£  + 1)  of  e<luat'ion  (2.12)  obtained  by  taking  l rows 

of  R[m  + l)d]  x (£  + 1)  corresP°nd1n9  t0  R£x£  and  any  single  row: 


r £ 

r 

[-• 


o w 
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CRpl(sm  + 1>  V<sm.l> Rp(mtl)(sm*1>3  (2.13) 

out  of  the  d rows  corresponding  to  the  new  frequency  s . , 

m + I 

Hence, 

'V. 

V + 1)  x u + 1)  « 


(2.14) 


Hence,  the  coefficients  In  the  sumnatlon  of  equation  (2.15)  are  not  all 
zero.  As  such,  the  function  of  equation  (2.14)  cannot  be  Identically 


168 


zero  for  aJJ_  p = 1,2,3,  ...  d,  since  If  it  were  true,  it  will  imply: 


Z + 1 


. £ (-1)**  ’ * 3 i(t  + j Co1-  CRpjtsm  * l);  P - '>2 “3=  0 

J 1 

(2.17) 


and  this  in  turn  will  contradict  the  assumed  linear  independence  of 


Col  [RpJ-(s)  ; p - 1,  2,  ...  d]  j - 1,2,...  U + 1)  (2.18) 


over  the  complex  numbers. 

Thus  there  exists  a p and  a complex  number  s„  , , such  that  the 

m + i 

summation  of  equation  (2.15)  is  non  zero.  Using  this  p and  s ^ . , 

m + i 

R(l  + 1)  x (Z  + l)1s  a non-singular  (Z  + 1)  by  (Z  + 1)  matrix.  However, 

RU  * 1)  x U * DiS  a sut™tr1x  °f  R[(m  * l)d]  x U * l)*"11  s°  tMs 

matrix  R[-/m  .1 ) d ] x {l  + 1)  must  also  have  linearly  independent  (£  + 1) 
columns. 

As  such,  one  can  always  choose  an  sm  + 1 such  that  the  determinant 
0f  R[(m  + l)d]  x (1  + 1)  is  non-zero  thus  assuring  that  R[(m  + 1)d]  x 

(£  + 1 ) ^as  11near1y  independent  columns  when  its  rows  are  evaluated  at 
complex  frequencies,  s, , s0,  ...  s„  . .. 

This  completes  the  proof. 

The  above  proof  brings  out  an  interesting  algorithm  for  choosing 
test  frequencies  which  no  longer  have  to  be  picked  in  advance.  For 
the  scalar  case,  it  can  be  shown  that  the  number  of  test  frequencies 
is  exactly  k - 6(r)  (equal  to  the  rank  of  the  Jacobian  matrix)  In 
the  general  case,  however,  the  number  of  required  test  frequencies  is 
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less  than  or  equal  to  k - $(r). 

2.3  The  Global  Measure 

Reaching  this  far,  we  have  solved  the  problem  regarding  choice  of 
frequencies  for  the  computation  of  the  local  measure  5(r).  There  is, 
however,  one  more  problem.  To  compute  6 (jr)  by  equation  (2.3)  and  the 
use  of  theorem  1 of  section  2.2,  r should  be  known.  This  means  that 
the  value  of  the  failed  parameter  vector  is  known  or  the  fault  is  al- 
ready known  and  Isolated.  If  this  Is  so,  there  is  no  need  to  compute 
6(r)  since  our  purpose  is  to  do  fault  analysis  by  6(r). 

This  necessitates  the  formulation  of  a global  measure  of  testa- 
bility. Such  a measure  Is  possible  with  the  assumption  that  all 
components  involved  have  transfer  functions  which  are  strictly  rational 
in  r. 

With  this  assumption  the  difficulty  can  be  overcome  by  the  use  of 
the  following  theorem: 

Theorem  2:  5(r)  Is  constant  "almost  everywhere". 

Here,  the  term  "almost  everywhere"  is  used  in  the  algebraic  geo- 
metric sense,  that  Is,  5(r)  is  constant  for  all  r except  possibly  for 

ic 

the  values  lying  in  an  algebraic  variety  of  the  parameter  space  R . 
[Appendix] 


Proof: 

Here  again  we  have: 
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R(s,  r) 


R-j  1 (s , r) 

Rl  2( s » • 

• • Rlk(s 

R12(s,  r) 

R22( ^ ’ ** ) • 

. . R2k(s 

Rdl(s.  r)  R(49(s,  r)  . . . RH1,(s,  r) 


d2 


dkv 


(2.19) 


which  is  same  as  equation  (2.6)  with  the  potentially  variable  circuit 
parameter  r included,  and  k is  the  dimension  of  the  parameter  space  R . 
Our  6 (r)  is  the  column  nullity  of  this  matrix  R(s,r)  at  r over  the  field 
of  complex  nunbers. 

Now  we  have  to  prove  that  the  number  of  linearly  independent  col- 
umn vectors  [R.jj(s,r);  j » 1,2,  ...  d]  for  i = 1,2,  ...  k over  the  field 
of  complex  numbers  Is  constant  for  almost  all  r. 

Let 


Ru  <s-r) 


hi 


- Sit. 
(s,r) 


(2.20) 


where 


"ij  <s-r> 


x 

l 

l * 1 


*u  (r)  s" 


(2.21) 


and  d(s,r)  Is  the  least  common  denominator  of  R(s,r). 
Now,  the  number  of  linearly  independent  column  vectors: 
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over  the  field  of  complex  numbers. 


p 

However,  by  working  directly  with  the  coefficients  N^(r)  from 

equation  (2.21),  this  Is  also  equal  to  the  number  of  linearly  in- 
dependent column  vectors  of  the  complex  matrix: 
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j 

: 


over  the  field  of  complex  numbers. 

In  other  words,  this  Is  equal  to  the  rank  of  the  (d  x x)  by  k 
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I 


» 


I 


» 


t 


complex  matrix  N(r)  given  by: 


N(r) 


Hii(r> 


"111") 


N21  ( r* 

Nji (r) 


Ndl<r> 


Ndl  < r> 


N12(r) 

N^r) 


N^(r) 


N22(r) 

N22(r) 


N2i (r)  N22(r) 


Nd2(r) 


Ndl(r)  N^(r) 


d2v 


Nxd2(r) 


Nn(r> 

Njk(r) 


N^k(r) 


N2k(r> 


N2k(r) 


Ndk<r> 

Ndk<r> 


• Ndk(r> 


(2.25) 


l.e.,  the  dimension  of  the  largest  square  non-singular  submatrix  of 
N(r) . 

As  such,  the  proof  of  this  theorem  reduces  to  showing  that  the 
rank  of  N(r)  Is  constant  almost  everywhere. 

To  shew  this,  let  h be  the  maximal  rank  assumed  by  N(r)  as  a 
function  of  r,  say  at  r ■ r . Then  there  exists  an  h by  h square  sub 


I 


4 
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matrix  Nn(r)  such  that  its  determinant,  Ah(r)  is  rational  in  r and 
not  identically  zero.  Since  Ah(r)  is  rational  (by  assumption  on  the 
types  of  components),  it  is  non-zero  almost  everywhere  implying  that 
Nh(r)  is  of  rank  h almost  everywhere.  As  such,  the  maximal  value 
achieved  for  almost  all  values  of  r,  showing  that  the  rank  of  N(r)  is 
constant  everywhere.  Indeed,  this  constant  value  is  equal  to  the 
maximal  possible  value  for  the  rank.  This  in  turn  means  that  5(r)  is 
constant  almost  everywhere  and  thus  completes  the  proof  of  the  theorem. 

This  theorem  is  the  key  which  makes  our  approach  to  formulating 
a measure  of  testability  viable  since  it  allows  us  to  transform  the 
local  measure  of  testability,  s(r),  into  a global  measure  of  testa- 
bility 6,  which  is  Independent  of  the  failure.  In  particular,  we 
define  <5  as  the  generic  value  of  <s(r),  ie  the  value  taken  on  by  6 ( r ) 
almost  everywhere.  So  defined,  5 is  thus  independent  of  the  choice  of 
test  frequencies  employed  (Theorem  1,  Section  2.2)  and  the  particular 
failure  which  one  is  attempting  to  diagnose.  (Theorem  2,  Section  2.3). 
It  is  thus  a function  only  of  the  system  under  test  and  hence  is  a 
measure  of  testability  for  the  circuit  which  is  Independent  of  both 
the  failure  and  the  test  system. 

2.4  An  Analytic  Example 

Let  us  consider  the  amplifier  circuit  shown  in  figure  2.1. 
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Figure  2.1  RC-coupled  amplifier  with  an  inductive 
load. 


To  illustrate  the  point,  we  shall  assume  in  the  beginning  that 
we  have  access  to  EQ,  1Q  * i^,  1R  = 1^  and  V^.  We  can  keep  all  four 

of  them  as  available  outputs  in  our  connection  model.  Hence  the  com- 
ponent equation  is  given  by: 


V 

u(r)g(s)  000 

V 

0 1/L(r)s  0 0 

VL 

vc 

s 

0 0 1/C(r)s  0 

1C 

’r 

0 0 1/R(r) 

VR 

(2.26) 


where  r denotes  the  parameter  subject  to  variation  which  In  our  ex 
ample  will  be  u,  R,  L and  C themselves, 
and  the  connection  equation  is  given  by: 


t 


4 


1 


which  gives  us  the  four  L matrices. 

Now  since  5 is  constant  almost  everywhere  by  Theorem  2 in  Section 


2.3  and  is  independent  of  the  Individual  component  values,  for  com- 
putational purposes,  one  can  work  with  the  nominal  values  of  u,  R,  L 
and  C each  equal  to  unity. 


Using  equations  (2.26)  and  (2.27)  the  composite  system  transfer 
function  is  found  with  the  help  of  equation  (1.5): 


I 
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For  computation  of  the  Jacobian  matrix  one  can  break  the  equation  (2.1) 
i nto : 

3f(Z(s,r))  _ . 3Q(Z(s,r)) 

" l21  l12 

3^  3^  (2.29) 

where 

3Q(Z(s,r) ) a (I-Z( s,r)Lu)-1  aZ(s,!l) 

3r^  3r^ 

[Ln(I-Z(s,r)L11)’1Z(s,r)+I]  (2.30) 

The  equation  (2.31)  is  computed  for  each  of  the  internal  circuit  par- 
ameter which  is  subject  to  variation  (i.e.  u,  L,  C and  R)  and  is  e- 
valuated  at  the  nominal  value. 
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3Q(Z(s,r))  „ 0 

3C 


0 

sjill2 

(s+l) 

(s+l) 

0 

_aisl 

(S+l) 

q(s) 
(s+l)  2 

0 

-s 

-s 

(s+l)2 

(S+l)  2 

0 

s 

s 

(s+l)2 

(S+l)  2 

(2.33) 


3Q(Z(s,r)) 

3R 


o -g.Ul 

(s+l) 

0 -q(s) 

(s+l)' 

0 l/(s+l)2 

0 S/(s+l)2 


sais]_ 

(S+l) 

Jill , 

(s+l) 

-s/(s+l)2 

~s/ ( s+l ) 2 


(2.34) 


Equations  (2.32)  through  (2.35)  are  further  used  to  compute 
3f(Z(s,r)),  3f(Z(s,r) ) , 3f(Z(s,r))  and  3f  (Z(s,r)) 

— 5J — 5c St us1"8  e<*uations 

(2.29)  and  the  Jacobian  matrix  is  computed  by  the  use  of  equation  (2.35) 


Jf(r) 


, Rf(Z(s, 
L~3u 


r))  ! 3f(Z(s,r)) 

! 3L 


3f(Z(s,r))  1 3f(Z(s 

“ 3C  ' 3R 


■ r))H 


(2.35) 


which  is  found  to  be: 
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V 


I 


Jf(D 


aisi 

s+1 

0 

salsl^ 

(s+1) 

saisi 

(s+l) 

g(s)^ 

(s+l) 

_2ill 

(s+l) 

0 

0 

s 

-s2 

(S+l)' 

(s+l) 

0 

0 

s 

s 

( S+l ) ' 

(s+l) 

(2.36) 


According  to  the  theory  outlined  in  previous  sections  of  the  chapter, 
we  compute: 


<5  * 5(r)  * 4 - Number  of  linearly  independent  columns  of  Op(r) 

(2.37) 


for  various  combinations  of  outputs  and  hence  those  of  the  outputs 
chosen. 

A tabulation  of  all  such  combinations  is  given  in  Table  2.1. 

A quick  glance  at  the  table  (2.1)  gives  a measure  of  testability  for 
the  given  circuit.  For  example,  in  case  1 and  in  case  2,  5 * 0 means 
that  the  failure  can  be  Isolated  exactly,  while  in  cases  3 through  7 
and  case  10,  5 ■ 1 means  that  it  can  be  Isolated  upto  an  erro*-  in  one 
parameter  and  so  on. 
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CHAPTER  III 

THE  MEASURE  - COMPUTATIONAL  ASPECTS 
Given  the  analytic  theory  developed  in  the  previous  chapter,  we 
now  turn  to  the  problem  of  computing  the  parameter  <5.  This  is 
achieved  by  transforming  the  rank  computation  problem  for  J^(r)  into 

an  equivalent  problem  of  determining  the  number  of  non-zero  eigenvalues 
of  a positive  synmetric  matrix:  A problem  for  which  standard  comp- 
utational techniques  are  applicable. 

3.1  Computational  Approach 

Since  the  starting  point  for  our  measure  of  testability  is  the 

component  connection  model,  the  first  aspect  to  be  looked  into  is  the 

formulation  and  existence  of  such  a representation.  Conditions  for 

existence  of  the  connection  equations  for  an  arbitrary  system  have  been 

studied  in  the  past  and  computer  implementation  are  available  [7-10]. 

When  a component  connection  model  has  been  formulated,  it  is  easy 

to  compute  the  Jf(r)  matrix  of  equation  (2.1)  by  substituting  the 

various  connection  matrices  and  the  effect  on  the  composite  component 

transfer  function  corresponding  to  each  of  the  potentially  variable 

circuit  parameter  ie:  3Z(s,r)  . As  mentioned  earlier,  it  is  per- 

3ri 

misslble  to  use  nominal  values  of  the  various  components  to  simplify 
computation  of  a global  measure.  It  is  interesting  to  note,  however, 
that  the  determination  of  this  J^(r)  matrix  does  not  involve  much  com- 
puter time,  if  the  composite  system  transfer  function  S(s,r)  given  by 
equation  (1.5)  has  been  computed  earlier.  This  is  the  case,  because 
no  additional  matrix  inversion  is  involved. 
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The  dimension  of  the  J^r)  matrix  given  by  equation  (2.1)  is 
p by  q where  p Is  the  number  of  available  output  test  points  and  q is 
the  number  of  available  input  test  points. 

It  is  convenient,  however,  to  make  J^(r)  a column  vector,  by 
stacking  the  various  columns,  under  the  first  column.  The  the  linear 
independence  of  the  matrices  for  various  r^  can  then  be  checked  using 
these  column  vectors  whose  dimension  is  pq.  Equivalently,  the  number 
of  linearly  independent  matrices  is  equal  to  the  column  rank 

(over  the  field  of  complex  numbers)  of  the  matrix: 


(3.1) 


where  "vec"  denotes  the  operation  of  stacking  columns  of  the  J^(r) 
matrix  into  a single  column. 

The  problem  of  computing  the  column  rank  of  the  rational  matrix 
M(s)  can  be  transformed  into  an  equivalent  problem  of  computing  the 
rank  of  the  complex  matrix: 


M(Sl) 

M(s2) 


"<*■.) 


where  the  s^. 's  denote  sufficiently  many  distinct  frequencies. 


O 


e 
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Now  if  M(s)  V 3 0 for  a complex  vector  V, 

then 

i 


i 

( 


I 


ft 


ft 


ft 


i 

i 


ft 


» 


i 


M (Sj)  V - 0 V j (3.3) 

hence, 

V - 0 (3.4) 


showing  that, 

rank  <_  col  rank  M(s)  (3.5) 

independently  of  the  number  and  value  of  the  test  frequencies. 

Conversely  if  M^V  = 0 for  sufficiently  large  n (>  k times  the 
maximum  degree  of  any  entry  in  M(s)  then  M(s)V  s 0.  ie:  if  a rational 
function  is  zero  at  sufficiently  many  frequencies  it  is  Identically 
zero  by  the  fundamental  theorem  of  Algebra. 

As  such. 


M V 
n 


M(sJ 


• • • 


«u„> 


col  rank  M(s)  <_  rank  Mn  (3.6) 

Therefore,  from  equations  (3.5)  and  (3.6)  our  computational  pro- 
blem is  reduced  to  the  computation  of: 
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rank  M„  3 col  rank  M(s) 
n 


(3.7) 


where  n is  taken  to  be  sufficiently  large. 

To  further  simplify  the  problem,  the  rank  of  Mn  equals  the  rank  of 
the  k by  k positive  semi  definite  matrix  P » MnTMn  which  is  in  turn 
equal  to  the  number  of  non-zero  eigenvalues  of  this  P matrix  [13]. 

Unfortunately,  determination  of  the  eigenvalues  of  a matrix  is 
not  much  simpler  computationally  than  a rank  determination.  In  our 
case,  however,  we  are  not  interested  in  a precise  determination  of  the 
eigenvalues  of  P but  only  the  number  of  non-zero  eigenvalues.  As  such, 
a tri di agonal izati on  by  Householder's  method  followed  by  the  computation 
of  a Sturm  sequence  [13-15]  may  be  used  to  compute  the  rank  of  Mp  with- 
out actually  computing  the  eigenvalues  of  P. 

3.2  The  Procedure  and  Test  Point  Selection 

Based  on  section  3.1  a computational  procedure  can  be  outlined 
in  the  following  steps: 

1) .  Formulate  the  component  connection  model  for  the  system. 

2) .  Choose  a range  and  number  of  test  frequencies.  Note  that  the 

resultant  5 Is  independent  of  the  choice  of  test  frequencies 
so  long  as  sufficiently  many  frequencies  are  employed.  As 
such,  we  may  employ  real  frequencies  for  simplifying  the 
computations. 

3) .  Formulate  the  3fU(s,r))  matr-ix  for  each  potentially 


variable  parameter  at  each  test  frequency. 

4).  Form  the  Mn  matrix  and  P matrix. 


P 
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5).  Use  the  Sturm  sequence  algorithm  to  compute  5. 

For  the  same  circuit  or  system,  it  is  possible  to  carry  out  the 
above  analysis  with  various  (or  all)  possible  combinations  of  test  in- 
puts and  outputs.  It  is  also  possible  to  give  cost  values  to  each  of 
these  test  inputs  and  outputs  depending  upon  factors  such  as  ease  of 
accessability,  effect  on  system  and  test  equipment  required,  etc. 

Then  one  can  determine  an  optimum  choice  of  test  points  compatible 
with  a desired  degree  of  testability. 

The  above  procedure  is  used  to  develop  the  computer  implementation 
explained  in  more  detail  in  Chapter  IV. 

) 

I 
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CHAPTER  IV 
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COMPUTER  IMPLEMENTATION 

Now  that  we  have  developed  the  mathematical  theory  and  the  compu- 
tational aspects  behind  our  measure  of  testability  let  us  come  to  its 
specific  implementation  in  a FORTRAN  Program.  In  this  chapter,  we  pre- 
sent some  details  on  the  actual  computer  implementation  of  the  algor- 
ithm developed  in  Chapter  III  earlier.  The  algorithm  has  been  imple- 
mented in  the  Electronic  Circuit  Measurability  Package  (ECMP)  by  the 
author  for  purpose  of  verifying  the  computational  feasibility  of  6 on  a 
CDC  1604  computer  and  to  run  the  examples  to  be  presented  in  Chapter  V. 

No  attempt  Is,  however,  made  in  the  chapter  to  describe  the  said  pack- 
age, rather  a flow  chart  and  the  salient  features  on  computer  implemen- 
tation are  presented  in  some  detail.  Specific  details  on  the  ECMP  pack- 
age are  available  in  reference  [17]. 

4.1  Inputs 

As  mentioned  earlier,  the  computation  of  the  measure  5 requires 
the  input  of  a complete  component  connection  model . However,  when 
working  on  the  computer  for  selection  of  proper  test  points,  certain 
additional  inputs  are  needed.  A complete  listing  of  the  inputs  desired 
is  given  below: 

, 1)  The  Matrices:  These  represent  the  connection  structure  of 

the  circuit  or  system  for  the  available  number  of  inputs  and  outputs 
under  test  for  selection  of  test  points.  Their  dimensions  also  indicate 

< » 

\ ; 

the  number  of  available  Inputs  and  outputs. 

;i 

2)  The  Component  Matrix:  (Z)  This  represents  the  number  and 

O 

types  of  components  in  the  system.  It  may  be  noted  that  since  it  has 

\.\*  . 

, | gv; 
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frequency (s)  dependent  components  and  since  we  have  to  vary  frequen- 
cies in  the  algorithm.  It  is  convenient  to  input  it  in  the  form  of  a . 
subroutine  in  the  variable  s with  the  calling  program  specifying  s. 

3)  The  Sensitivity  Matrix:  (|~)  This  will  be  used  in  computation 
of  the  Jacobian  matrix.  Similar  remarks  regarding  multi  frequency 
computation  in  the  form  of  a subroutine  apply  here  also. 

4)  The  Choice  of  Frequencies:  Though  this  Is  theoretically  not 
a critical  problem,  yet  computationally  it  proves  to  be  significant. 

In  order  to  work  accurately  and  efflcently  with  the  finite  word  size 
of  the  computer,  the  proper  choice  of  frequencies  is  important.  For 
this  purpose,  a starting  frequency  and  a step  size  may  be  needed  as  an 
Input  for  a sequential  choice  of  frequencies. 

5)  Number  of  Frequencies:  This  should  be  ''sufficient"  as  de- 
tailed in  Section  3.1. 

6)  Number  of  Potentially  Variable  Circuit  Parameters:  This  will 
determine  the  size  of  the  Jacobian  Matrix. 

7)  Maximum  Number  of  Cases  to  be  Analyzed:  This  depends  on  the 
number  of  Inputs  and  outputs  available  and  Is  given  by: 

(2Number  of  Inputs x ^Number  of  Outputs_u 

8)  Maximum  number  of  Iterations  to  be  done  at  an  assumed  inter- 
val (say  10"1)  starting  from  an  assumed  initial  test  eigenvalue  (say 
1.0)  for  Sturm  Sequence  computation. 

9)  Cost  of  each  test  point:  This  will  be  needed  for  optimization 
purposes  and  is  given  In  the  form  of  two  vectors  separately  for  inputs 
and  outputs. 
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Needless  to  say,  the  proper  dimensioning  of  all  the  arrays  in- 
cluding the  working  one,  if  any,  to  their  maximum  size  is  also  required 
as  part  of  the  input.  In  addition,  some  information  on  the  options 
exercised  in  use  of  formats,  outputs  and  printouts  required  may  be 
needed  depending  upon  the  specific  implementation. 

4.2  Outputs 

The  outputs  desired  from  the  program  depend  upon  the  user  require- 
ments. For  example,  one  may  choose  to  get  information  on  the  composite 
system  transfer  funtion,  the  Jacobian  matrix  or  the  Sturm  sequences. 
Alternatively,  one  may  choose  to  have  the  minimum  possible  information. 
Invariably,  we  shall  need  a printout  of  the  designation  of  the  selected 
number  of  input(s)  and  output(s)  combination,  corresponding  measure  5 
and  the  cost  involved.  This  may  be  needed  for  each  combination  if  no 
optimization  is  included  in  the  implementation. 

4.3  Overall  Flowchart 

The  overall  flowchart  is  shown  in  figure  4.1.  This  chart  gives 
the  computer  implementation  without  restricting  itself  to  a specific 
implementation  in  FORTRAN  or  using  program  symbols. 

The  whole  computation  is  divided  into  two  major  sections.  One 
section  of  the  flowchart  concerns  computation  of  the  Composite  System 
Transfer  Function  (if  desired)  and  the  overall  Jacobian  formulation  for 
the  selected  set  of  frequencies  and  potentially  variable  circuit  para- 
meters. The  other  portion  involves  computation  of  cost  and  the  delta 
measure  for  each  combination  of  inputs  and  outputs. 


ALL  FREQUENCIES-DIFFERENT  MATRICES  STACKED  ONE  BELOW  THE  OTHER 
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Figure  4.1.  Overall  Flowchart 
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Computation  of  the  Composite  System  transfer  function  and  the 
overall  Jacobian  Matrix  (for  all  frequencies)  is  relatively  straight- 
forward. After  reading  the  input  data  as  explained  in  Section  4.1,  the 
component  matrix  Z is  computed  corresponding  to  the  chosen  frequency. 

Then  composite  system  transfer  function  may  be  computed  by  the  use  of 
equation  (1.5)  within  a few  matrix  operations.  Next,  the  sensitivity 
matrix  is  computed  for  one  variable  circuit  parameter.  This  leads  to 
the  computation  of  corresponding  entries  in  the  Jacobian  matrix  by  use 
of  equation  (2.1).  It  may  be  noted  that  no  additional  matrix  inversion 
is  involved  at  this  stage,  which  results  in  saving  in  computer  time. 

This  will  be  further  converted  to  a column  vector.  Similar  column 
vectors  corresponding  to  each  potentially  variable  circuit  parameters, 
stacked  side  by  side  give  the  Jacobian  matrix  for  a single  frequency. 

The  overall  Jacobian  matrix  is  formed  by  placing  all  such  matrices  for 
each  chosen  frequency  columnwise  one  below  the  other. 

For  computation  of  delta  and  the  associated  cost,  the  overall 
Jacobian  formulated  in  the  first  part  is  used.  This  is  done  by  picking 
a certain  number  of  inputs  (starting  with  one)  and  a certain  number  of 
outputs  (also  starting  with  one)  and  generating  all  possible  combin- 
ations of  this  selection.  Corresponding  to  the  set  of  inputs  and  out- 
puts selected,  one  can  then  pick  the  appropriate  rows  of  the  overall 
Jacobian  matrix  and  formulate  the  COF  matrix.  As  explained  in  the  pro- 
cedure in  Section  3.3,  we  can  now  make  a smaller  dimension  matrix  P 
which  can  serve  the  purpose  of  this  computation.  This  P matrix  is  tested 
for  a Sturm  Sequence  Solution  which  gives  the  value  of  5.  At  the  same 
time,  one  can  determine  the  cost  of  the  chosen  test  configuration  by 
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the  values  assigned  at  the  Input. 

The  whole  procedure  In  the  above  paragraph  Is  repeated  now  for  a 
different  number  of  outputs  keeping  the  number  of  Inputs  the  same. 

When  all  these  combinations  are  over,  the  number  of  Inputs  Is  changed 
and  delta  and  cost  again  computed  for  each  combination  of  output(s). 
When  all  possible  cases  have  been  considered  this  way,  one  Is  ready  to 
output  the  results. 

4.3  Subroutines 

Several  subroutines  are  needed  In  order  to  do  the  computations 
repetlvely.  Apart  from  the  user  supplied  data  subroutines  these  In- 
clude the  usual  matrix  subroutines,  (addition,  subtraction,  multi- 
plication, Inverse,  Identity  and  zero,  ect.),  the  subroutine  for  con- 
verting a matrix  Into  a column  vector,  subroutine  to  compute  factorial 
of  a number,  a subroutine  to  compute  maximum  number  of  combinations 
possible  for  a given  set  of  Inputs  and  outputs,  a subroutine  to  form- 
ulate a new  combination  every  time  and  a subroutine  to  compute  the 
value  of  delta  by  Sturm  Sequence  Solution.  As  all  other  subroutines 
are  relatively  straightforward,  we  may  just  look  Into  the  computation 
of  delta  by  the  Sturm  Sequence  Subroutine. 

Further,  since  this  also  has  two  standard  steps  Involved  1e:,  that 
of  trl-dlagonallzatlon  of  the  positive  definite  matrix  by  Householder's 
method  and  the  computation  of  Sturm  Sequence  [15],  we  may  only  look  at 
the  computations  of  delta  from  the  Sturm  Sequence  thus  formed. 

A simplified  flowchart  Is  shown  In  Figure  4.2. 

A Sturm  Sequence  1,  p-j(x),  . . . pn  (x)  Is  computed  from  the 
tridiagonal  matrix  for  a test  eigenvalue  x ■ 1 (say).  The  total  number 


of  sign  changes  in  the  Sturm  Sequence  indicate  the  number  of  eigen- 
values less  than  the  test  value  X . If  this  number  is  zero,  this 
means  that  all  the  eigenvalues  of  the  matrix  are  greater  than  unity  or 
the  matrix  has  a full  rank.  Hence,  this  gives  the  measure  delta  ■ 0. 
However,  if  this  number  is  non-zero,  the  test  eigenvalue  is  reduced  by 
a factor  of  10  and  the  Sturm  Sequence  computed  to  determine  the  changes 
in  sign  again.  This  process  is  continued  until  the  number  is  either 
zero  or  remains  constant  for  the  last  five  iterations  (say).  This  Is 
done  to  avoid  unnecessary  computer  time  if  a no  better  value  can  be 
achieved  and  the  test  eigenvalue  has  already  gone  to  <10”®.  In  such 
a case  this  stable  value  of  number  of  sign  changes  is  the  value  of  delta. 
A further  check  is  made  on  the  number  of  iterations  to  be  performed  in 
worst  case  (if  the  number  of  sign  changes  does  not  stabilize  until  a 
predetermined  number  of  Iterations).  This  number  is  chosen  depending 
upon  the  accuracy,  precision,  and  the  word  size  of  the  computer  under 
use. 

The  above  algorithm  also  proves  to  be  an  indirect  way  of  computing 
rank  of  a matrix,  and  gave  quite  good  results  even  with  single  pre- 
cision. 
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CHAPTER  V 
EXAMPLES 

In  this  chapter  we  will  present  a number  of  examples.  These 
range  from  transistor  circuits,  passive  and  active  filters, 
oscillator  and  finally  to  ladder  networks.  All  of  them  were  run  on 
computer  package  ECMP  for  computation  of  the  5 parameter  and  the  cost 
» of  each  alternative. 

5.1  One  Stage  Transistor  Amplifier 

As  a first  example,  consider  the  single  stage  NPN  RC-Coupled 
transistor  amplifier  shown  In  Figure  5.1  and  Its  hybrld-ir  equivalent 
circuit  shown  In  Figure  5.2.  [19]  Assuming  four  outputs  available 
(for  comparison  purposes)  and  a single  Input,  a set  of  connection  e- 
* quations  for  the  equivalent  circuit  are  given  In  equation  5.1  and  the 

corresponding  set  of  component  equations  are  given  In  equation  5.2. 

Since  it  Is  not  physically  possible  to  Isolate  a fault  In  one  of  the 
two  parallel  resistors  while  they  are  still  connected,  a parallel  com- 
bination Ra' of  the  two  resistors  Rfl  and  Rfa  is  considered  in  the 
equations,  thus  giving  rise  to  12  components.  As  S is  constant  almost 
everywhere  and  thus  Independent  of  the  actual  component  values,  for 
computational  purposes  one  can  take  the  nominal  value  of  all  the  12 
components  to  be  unity.  Also  15  real  frequencies  with  a starting  fre- 

« 

quency  of  1 and  a step  size  of  unity  will  serve  the  purpose.  The 
maximum  number  of  possible  cases  for  various  combinations  of  test  Inputs 

and  outputs  Is  15. 

t 

As  per  the  procedure  outlined  In  section  3.2,  a Sturm  sequence 

f 

I 


198 


solution  was  used  to  compute  6 In  each  possible  case  and  a tabulation 
of  the  values  obtained  Is  given  in  Table  5.2.  These  include  costs 
assigned  (for  Illustrative  purpose)  to  various  Inputs  and  outputs 
according  to  Table  5.1. 

Table  5.2  gives  the  measure  of  testability  <5  and  the  associated 
cost  for  each  case.  For  example,  for  a failure  to  be  Isolated  exactly 
we  require  5-0,  It  will  then  be  cheapest  to  select  case  5 (with  Input 
1 and  outputs  1 and  2)  at  a cost  of  4.  Further,  if  an  error  In  a 
single  parameter  Is  acceptable  1e  $«1 , case  6 will  also  yield  a cost 
of  4.  However,  If  a <5»2  (with  Input  1 and  output  2)  and  3 (with  Input 
1 and  output  3)  prove  to  be  equally  attractive  with  a cost  of  3 each, 
etc. 
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5.2  Transistor  with  Load 

The  second  example  Illustrates  the  application  to  a transistor 
with  load  shown  in  Figure  5.3.  Figure  5.4  shows  the  hybrid-ir 
equivalent  circuit.  Assuming  no  variations  in  the  load  (it  is  not 
internal  to  the  transistor  circuit),  and  viewing  RL  as  a connection 
one  set  of  component  equations  is  given  by  equations  (5.3)  and  (5.4). 


The  other  data  used  is: 

Nominal  value  of  each  component  3 1 
Number  of  components  3 5 
Number  of  inputs  3 2 
Number  of  outputs  3 2 
Number  of  potentially  variable  parameters  3 5 
Number  of  frequencies  used  315 
Starting  frequency  3 1 
Step  size  for  frequency  3 1 


Table  5.3  shows  the  cost  values  assigned  to  the  inputs  and 
outputs  and  Table  5.4  gives  the  results  for  all  the  9 possible  com' 
binations  of  the  available  Inputs  and  outputs.  Here  it  can  be 
seen  from  Table  5.4  that  no  combination  can  provide  a o30.  For 
<5*1 , it  is  cheapest  to  select  case  2 (Input  1 and  Output  2). 


t 
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5.3  Band  Elimination  Passive  Filter 

The  filter  is  shown  in  Figure  5.5  with  a set  of  component  and 
connection  equations  given  by  equations  (5.5)  and  (5.6).  The  other 


data  used  Is: 

Nominal  value  of  each  component  * 1 
Number  of  components  * 8 
Number  of  Inputs  ■ 1 
Number  of  outputs  * 4 
Number  of  potentially  variable  parameters  * 8 
Number  of  frequencies  used  *15 
Starting  frequency  * 1 
Step  size  for  frequency  » 1 


For  the  costs  assigned  to  Inputs  and  outputs  as  per  Table  5.5  the 
results  for  all  15  cases  are  shown  in  Table  5.6. 


Figure  5.5  Band  Elimination  Passive  Filter 


TABLE  5.5 
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5.4  Low  Pass  Active  Filter 

The  filter  shown  in  Figure  5.6  with  a set  of  component  and 
connection  equations  given  by  equations  (5.7)  and  (5.8).  The  other 
data  used  is: 


Nominal  value  of  each  component 

* 1 

Transfer  function  of  the  operational 

amplifier  uK(s) 

- 1 

(s+1)  (s+2) 

Number  of  components 

* 6 

Number  of  Inputs 

* 1 

Number  of  outputs 

=*  5 

Number  of  potentially  variable 

parameters 

■ 8 (including 

u and  the 
two  poles 
for  the 


operational 

amplifier) 

Number  of  frequencies  used  »15 

For  the  costs  assigned  to  the  input  and  outputs  as  per  Table  5.7 
the  results  for  all  31  cases  are  shown  in  Table  5.8.  It  may  be  noted 
tnat  the  same  example  run  with  different  starting  frequencies  (SFREQ) 
and  step  size  (STEP)  gave  different  results.  This  Is  due  to  the  limit- 
ed accuracy  In  the  computer  and  Illustrates  that  a judicious  choice  of 
frequency,  however.  Is  Important  (depending  upon  the  components  In- 
volved and  the  nature  and  behavior  of  the  circuit)  to  obtain  best  re- 
sults within  the  same  numerical  accuracy  limits.  Here  the  run,  with  a 


4 


4 
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5.5  Wien-Brldge  Oscillator 

The  oscillator  is  shown  in  Figure  5.7  and  Its  equivalent  circuit 
is  shown  in  Figure  5.8.  Note  that  the  equivalent  circuit  also  in- 
cludes the  test  generator  input  and  the  load  resistance  R^.  Since 
generator  resistance  is  external  to  the  circuit  no  variation  In  r^ 

Is  assumed.  A set  of  component  connection  equations  Is  given  in 
equations  (5.9)  and  (5.10).  The  other  data  used  Is: 

Nominal  value  of  each  component  except 


R.  and  R. 
a o 

Nominal  value  of  R,  and  Rk 
a d 

Number  of  components 
Number  of  Inputs 
Number  of  outputs 
Number  of  potentially  variable 
parameters 


- 1 
- 2 
- 7 
■ 1 
■ 4 


7 (including 
Ra  and  Rb 

for  the 
operation- 
al ampli- 
fier but 
excluding 

O 


Number  of  frequencies  used 


•15 


For  the  costs  assigned  to  Inputs  and  outputs  as  per  Table  5.9, 
the  results  for  all  cases  are  shown  In  Table  5.10.  Here  again,  the 
results  are  shown  for  three  different  sets  of  frequencies  and  the  best 
results  are  obtained  with  a starting  frequency  of  0.1  and  a step  size 
of  0.2. 


TABLE  5.9 
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Nominal  value  of  each  component  3 1 
Number  of  components  3 4 
Number  of  Inputs  3 1 
Number  of  outputs  3 2 
Number  of  potentially  variable  parameters  3 4 
Number  of  frequencies  used  *15 
Starting  frequency  3 1 
Step  size  3 1 


For  the  costs  assigned  to  Inputs  and  outputs  as  per  Table  5.11, 
the  results  for  the  three  cases  are  shown  in  Table  5.12. 
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5.7  Six  Component  RC  Ladder  Network 

The  ladder  is  shown  in  Figure  5.10  and  a set  of  connection 
equations  is  given  by  equations  (5.13)  and  (5.14).  The  other  data 
used  is: 


Nominal  va^je  of  each  component 

* 1 

Number  of  components 

a 6 

Number  of  Inputs 

* 1 

Number  of  outputs 

* 2 

Number  of  potentially  variable  parameters 

* 6 

Number  of  frequencies  used 

•15 

Starting  frequency 

- 1 

Step  size 

» 1 

For  the  costs  assigned  to  Inputs  and  outputs 

as  per  Table  5.11 

(same  as  Example  5.6)  the  results  for  the  three  cases  are  shown  in 
Table  5.13. 


Figure  5.10  Six  Component  RC  Ladder  Network 
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5.8  Eight  Component  RC  Ladder  Network 

The  ladder  network  Is  shown  in  Figure  5.11.  Since  the  connection 
equations  are  a mere  extension  of  those  given  by  equations  (5.10)  and 
(5.11)  and  the  cost  data  Is  the  same  as  Table  5.11,  the  same  will  not 
be  repeated  here  and  In  the  next  two  examples.  The  other  data  used 
is: 


Nominal  value  of  each  component  3 1 
Number  of  components  3 8 
Number  of  Inputs  3 1 
Number  of  outputs  3 2 
Number  of  potentially  variable  parameters  3 8 
Number  of  frequencies  used  *15 


The  results  for  two  different  choices  of  frequencies  are  shown 
in  Table  5.14. 


Figure  5.11  Eight  Component  RC  Ladder  Network 
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5.9  Ten  Component  RC  Ladder  Network 

The  ladder  network  Is  shown  in  Figure  5.12.  The  other  data 
used  Is: 


Nominal  value  of  each  component  ■ 1 
Nunber  of  components  »10 
Number  of  Inputs  ■ 1 
Number  of  outputs  - 2 
Number  of  potentially  variable  parameters  «10 
Number  of  frequencies  used  «15 


The  results  for  four  different  choices  of  frequencies  are  shown 
In  Table  5.15.  It  may  be  noted  that  even  with  a starting  frequency 
of  0.1  and  step  size  of  0.2,  there  Is  computer  inaccuracy  Involved 
with  single  precision. 


Figure  5.12  Ten  Component  RC  Ladder  Network 
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5.10  Twelve  Component  RC  Network 

The  ladder  network  is  shown  in  Figure  5.13.  The  other  data 
used  is: 


Nominal  value  of  each  component  • 1 
Number  of  components  *12 
Number  of  inputs  * 1 
Number  of  outputs  ■ 2 
Number  of  potentially  variable  parameters  *12 
Number  of  frequencies  used  *15 


The  results  for  four  different  frequencies  are  shown  in  Table 
5.16.  It  can  be  seen  that  with  proper  choice  of  frequencies,  the 
results  do  improve  and  seem  more  realistic,  yet  a real  need  for 
double  precision  on  the  computer  Is  felt. 


Figure  5.13  Twelve  Component  RC  Ladder  Network 
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CHAPTER  VI 
CONCLUSION 

The  purpose  of  this  thesis  has  been  to  develop  a measure  of 
testability  for  analog  circuits  and  systems  and  to  Illustrate  its 
application  to  test  point  selection.  This  has  been  accomplished 
using  the  multi  frequency  fault  analysis  equations  based  on  the  com- 
ponent connection  theory.  Such  a measure  when  formulated  is  an  In- 
herent property  of  the  circuit  or  system  and  thus  aids  In  test  point 
allocation.  The  number  and  location  of  test  points,  depending  on 
their  electrically  streteglc  location  and  accessability  in  the  system, 
is  an  Important  factor  In  testing  and  this  serves  as  a major  motivating 
force  behind  the  development  of  a testability  measure. 

Computational  aspects  have  been  discussed  and  a precise  approach 
to  the  computer  evaluation  of  the  measure  of  testability  has  been  In- 
dicated. The  software  package  developed  by  the  author  [17]  Is  by  no 
means  the  most  efficient  and  professional  package.  Yet,  at  the  same 
time,  a family  of  examples  drawn  from  various  sections  of  circuit  theory 
(active  and  passive  components,  filters,  oscillators,  and  amplifiers, 
etc.),  do  show  that  the  computer  Implementation  has  worked  well  for  a 
variety  of  circuits.  The  examples  also  Illustrate  the  Intuition  ex- 
ercised In  the  choice  of  starting  frequency,  step  size  and  the  number 
of  frequencies  needed  for  analysis. 

Not  much  work  Is  done  presently  In  the  area  of  establishing  such 
measures  and  their  use  for  test  point  allocation  for  non-linear  analog 
and  digital  circuits.  A possible  extension  of  this  work  may  be  In  case 
of  non-linear  analog  circuits  with  certain  restrictions  on  non-llnear- 


ities  involved,  in  order  to  achieve  a global  measure.  There  Is  a 
possibility  of  similar  investigations  in  future  for  linear  sequential 
circuits  as  well.  On  the  computational  front,  there  Is  a possibility 
of  including  an  optimization  algorithm  to  pick  a ''best“  set  of 
test  points.  This  will  have  computational  advantages  for  very  large 
circuits  and  systems  having  a number  of  potentially  variable  circuit 
parameters  and  components. 
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SOME  CONCEPTS  FROM  ALGEBRAIC  GEOMETRY 

Zero  Set: 

Let  f(x^t  X£.  x^  . . . xn)  * S be  a polynomial  in  n variables 
with  complex  coefficient.". 

Their,  the  zero  set  of  S is  given  by: 

[(*,,  x2,  *3  ■•■*„)  : f(x,,  X2,  x3  • ■ ■ \)  * 0] 

For  such  a polynomial  in  n variables,  one  can  fix  (n  - 1) 
variables  and  obtain  the  discrete  set  for  the  remaining  variables. 

Then  by  varying  the  original  (n  - 1)  variables  one  can  parameterize 

t V 

the  entire  zero  set  of  the  original  polynomial  using  a maximum  of 
(n  - 1)  variables.  As  such,  the  zero  set  of  a polynomial  in  n vari- 
ables is.  Indeed  (n  - 1)  dimensional. 

Algebraic  Hypersurface: 

V Is  an  algebraic  hypersurface  if  and  only  if 

V C.  Rn 

V f 0 

and  V is  the  zero  set  of  the  polynomial 

f (x^ , X2  ...  x^) . 

Algebraic  Variety: 

An  algebraic  variety  Is  the  intersection  of  finitely  many 
hypersurf aces , i.e.fc  an  algebraic  variety  is  the  zero  set  of  a set 
of  simultaneous  polynomial  equations  In  several  variables. 

Almost  All : 

"Almost  all"  points  of  an  algebraic  variety  V are  said  to  have  a o . 

1 
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given  property  a if  the  points  of  V which  do  not  have  the  property  a 
belong  to  a proper  algebraic  subset  of  V.  [16]  This  means  that,  for 
an  algebraic  variety  for  a polynomial  in  n variables,  the  (n  - 1) 
dimensional  subset  of  n dimensional  subspace  is  small.  Formally,  the 
relative  Lebesgue  measure  of  such  a set  is  zero  thus  showing  that  the 
above  definition  of  "almost  all"  is  consistent  with  the  classical 
measure  theoretic  approach. 
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CHAPTER  I 


INTRODUCTION 

Historically  investigations  in  the  area  of  fault  dia- 
gnosis have  been  conducted  along  two  independent  paths. 
Diagnosis  techniques  for  digital  systems  are  combinatorial 
in  nature,  faulty  components  being  detected  by  observing 
the  system  response  to  a set  of  input  test  signals.  In 
an  analog  system,  fault  diagnosis  techniques  sure  based  on 
the  dynamical  properties  of  the  components,  the  faulty 
elements  being  located  by  measuring  the  system  gain  at 

various  frequencies.  Bibliographies  in  these  two  areas 

1 2 

have  been  compiled  by  Rault.  ' A quick  review  of  the 
literature  reveals  that  research  on  the  fault  diagnosis  of 
analog  systems  has  been  left  behind  by  that  in  the  digital 
case.  Although  many  achievements  have  been  made  in  digital 
fault  diagnosis,  the  rapid  development  of  modern  integrated 
circuit  technology  also  demands  automated  analog  fault 
diagnosis.  It  is  believed  that  automated  fault  diagnosis 
of  analog  systems  will  prove  to  be  very  important  in  pro- 
duction line  quality  control  as  well  as  in  maintenance 
and  service. 

The  Component  Connection  Model 

The  classical  expression  for  the  response  of  a 
system  is  in  terms  of  the  so  called  transfer  function 
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and  its  inputs.  This  representation,  however,  becomes  too 
complex  to  analyse  in  the  case  of  large  scale  systems.  A 
new  approach  based  on  separating  the  components  and  the 
connectivity  of  the  system  has  been  developed  to  meet  this 
need.3  The  component  connection  model  for  an  interconnected 
dynamical  system  carries  a complete  description  of  the  system 
in  the  form  of  two  separate  equations;  a decoupled  dynamical 
equation  characterizing  the  components  and  a coupled  alge- 
braic equation  characterizing  the  connections.  Figures 
1(a)  and  1(b)  illustrate  the  development  of  the  component 
connection  model.  In  figure  1(a),  the  overall  system  is 
characterized  by  the  equation 

y - Su  (1.1) 

where  the  operator  S may  be  interpreted  as  a transfer 
function  or  a set  of  linear  or  nonlinear  state  equations; 
while  the  components  can  be  modeled  using  the  component 
input  and  output  variables  a and  b via 

b - Za  (1.2) 


Pictorially,  the  shaded  area  of  figure  1(a)  represents 
the  components  and  the  hatched  area  represents  the  con- 
nections. In  figure  1(b),  the  components  and  connections 
of  the  system  are  separated  which  gives  us  a "donut  shaped" 
connection  box  whose  inputs  are  u and  b and  whose  outputs 

I 
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are  y and  a.  Now,  the  connections  are  characterized  entirely 
by  linear  algebraic  constraints,  hence  it  is  reasonable  to 
model  them  by  the  following  matrix  equation. 


m 

- 

a 

Lii 

L12 

b 

y 

.L21 

L22_ 

u 

Equations  (1.2)  and  (1.3)  are  termed  the  component  connec- 
tion model  for  the  system.  The  applications  of  this  model 
include  sensitivity  analy'.'**,  computer  aided  design,  and 
fault  diagnosis.  In  the  sequel,  the  third  application  will 
be  discussed  in  depth. 

The  Fault  Diagnosis  Equations 

Combining  (1.2)  and  (1.3)  one  can  obtain  the  relation 

S - f(Z)  - L22  + L2]_  (I-ZL11)"1Z  L12  (1.4) 

between  S and  Z.  When  expressed  in  frequency  domain,  Z 
can  be  written  as  Z(s,r),  where  s is  the  complex  frequency 
variable  and  r is  the  parameter  vector  associated  with 
the  components.  For  example,  a capacitor  has  the  repre- 
sentation Z(s,r)  ■ l/c(r)s,  where  c(r)  is  the  capacitance. 
Thus  we  can  rewrite  (1.4)  as 

S(s,r)  - f (Z(»,r) ) - 1*22  * Ljl  (I-Z  d.tll^l  _lZ  (.,?> L12 

(1.5) 


Equation  (1.5)  is  called  the  fault  diagnosis  equation.  The 
diagnosis  problem  is  then  to  determine  all  the  solutions, 
r,  to  this  equation  given  S and  the  connection  matrices. 
Unfortunately  the  solvability  of  the  equation  depends  on 
the  left  invertibility  of  the  matrix: 

k “ L12  ® L12  (1,6) 

where  (x)  denotes  the  Kronecker  matrix  product.4  This,  in 
turn,  implies  that  the  system  must  have  a large  number  of 
test  points.  In  practice  it  is  not  always  possible  to 
obtain  access  to  as  many  test  points  as  needed.  The  other 
alternative  is  to  take  measurements  of  S at  several  fre- 
quencies, this  yields  more  equations  without  increasing 
the  number  of  unknowns  and  renders  the  equate  is  solvable. 
That  is,  one  has  to  solve  a set  of  simultaneous  equations 
expressed  in  vector  form  by: 
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This  approach  is  based  on  the  assumption  that  component 
variations  with  frequency  are  known  and  are  non-faulty 
and  that  the  connections  of  the  system  remain  fixed.  Fur- 
thermore, in  a large  scale  system  usually  only  a very  small 
percentage  of  components  will  fail  and  the  failed  components 
are  usually  confined  to  certain  known  "burst"  groups.  Ex- 
ploiting the  above  special  properties,  the  fault  diagnosis 
equations  can  be  solved  efficiently. 

Overview  of  the  Thesis 

In  this  thesis,  several  search  algorithms  for  the 
solutions  of  the  fault  diagnosis  equations  will  be  pre- 
sented. As  a preliminary,  some  methods  for  solving  a system 
of  linear  equations  will  be  discussed  in  Chapter  II.  With 
the  motivation  of  the  linear  problem,  we  develop  a talk 
about  the  search  algorithm  for  the  solution  of  the  fault 
diagnosis  equations  in  Chapter  III.  This  approach  takes 
the  advantage  of  Householder's  formula. ^ Finally,  a method 
using  the  Jacobian  matrix  of  the  fault  diagnosis  equations 
will  be  investigated.  This  method,  although  not  satis- 
factory in  all  cases,  gives  us  some  highlights  for  further 


research. 
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CHAPTER  II 

SOLUTION  OF  THE  FAULT  DIAGNOSIS  EQUATIONS -LINEAR  CASE 

Introduction  to  the  Linear  Problem; 

Before  considering  the  nonlinear  fault  diagnosis 
equations,  let  us  investigate  the  linear  problem.  We  con- 
sider a system  of  linear  equations  with  the  special  prop- 
erty that  the  solution  has  only  one  (or  several)  nonzero 
coordinates  while  the  other  coordinates  are  all  identi- 
cally zero.  We  want  to  find  the  coordinates  where  the 
nonzero  elements  are  located.  In  other  words,  we  have 
the  system  of  linear  equations. 

C _ _ ' 

.^1aiXi  * y " [a1a2...aJ1]X 

where  a^,  x,  y are  all  n-tuples  and  we  assume  that  at 
most  p(p  <<  n)  of  the  entries  in  x are  nonzero.  If  x^O 

and  X.  » 0,  then  the  equation  reduces  to  a.  X.  * y. 

_ 1 i 
This  implies  that  a^  and  y are  linearly  dependent.  By 

virtue  of  the  characteristics  of  the  exterior  product, 

one  can  thus  solve  the  problem  efficiently. 

Exterior  Product 

It  is  well  known  in  multilinear  algebra  that  a set 
of  vectors  a^,  in  a vector  space  7 is  linearly 


dependent  if  and  only  if  the  exterior  product  of  the 
vectors  is  zero.  We  can  apply  this  property  of  exterior 
product  (A)  to  solve  the  aforementioned  linear  problem. 


262 


Suppose  there  are  P vectors  in  a n dimensional  Eucli- 
dean space,  a ^ , a2,...ip,  with  p <_  n,  then  the  exterior 
product  of  the  p n-tuples  is  a vector  of  c(n,n  - p)  » 

( (n-p)~lP~  ^ entries.  For  detailed  discussions  please  re- 
fer to  reference  6.  As  an  example,  let 

a"l  ■ [XlX2X3]  * and  a2  » [y^^^  ' 
then  the  exterior  product  of  a^  and  a2  is 

a^A  a2  * ^1^2  ^1^2  ^1*^3  ~ ^1^3  ^2^3  “ ^2^3^ 

Here,  the  number  of  entries  of  a^  a a2  is 

(3  — 2)1  21  * 3 

Computing  Algorithms  and  a Modified  Exterior  Product 

Our  purpose  is  to  establish  a computational  algorithm 
that  will  determine  if  y is  a linear  combination  of  a group 
of  p-1  vectors.  This  may,  in  turn,  be  used  to  locate  the 
nonzero  entries  of  X-vector.  Since  we  are  interested  in 
on-line  fault  analysis,  the  information  from  the  coefficient 
matrix  which  is  known  a-priori,  will  be  exploited  first, 
while  the  use  of  the  measured  response  vector  (y)  is  kept 
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to  a minimum.  Furthermore,  by  modifying  the  computing 
procedure  of  the  usual  exterior  product,  one  can  solve 
the  problem  efficiently. 

Algorithms: 

A.  P » 2 

Given  y ■ ^1^2***^^  311(1  3 * [a^a^-.a^],  we  want 

t _ _ 

to  determine  if  y can  be  a multiple  of  a.  For  example, 

consider  two  vectors  y ■ [1243] ' and  a - [2486] ' . Taking 

the  exterior  product  of  y and  a,  we  have 
l 

y A a - [0  0000  0]' 


This  implies  that  y and  a are  linearly  dependent,  thus  y 
is  a multiple  of  a.  Note  that  the  evaluation  of  six  2x2 
minors  is  involved  in  the  computation.  In  fact,  for  the 
purpose  of  determining  whether  y is  a multiple  of  a only 
three  sequential  2x2  minors  need  to  be  computed  if 
there  are  no  zero  entries  contained  in  a.  In  addition, 
if  any  2x2  sequential  minor  is  not  zero  during  the  com- 
putation, it  follows  immediately  that  y can  not  be  a mul- 
tiple of  a.  To  prove  the  statement,  assume  the  first  two 
sequential  2x2  minors  are  zero,  we  have 
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■>  a2y2  + S2a2  - 0 (2.2) 

In  (2.1)  and  (2.2),  and  a2  must  be  nonzero,  otherwise 
it  will  contradict  the  fact  that  a has  all  nonzero  entries. 
After  normalizing  and  a2 , we  obtain 

y2  * eia2  * e2a2  (2'3) 

thus  ■ 

"yr 

y2 

_y2_ 

Applying  the  same  argument  inductively,  we  have  e1  « e2  » 
...  ■ en-l'  that  y is  a multiple  of  a.  Next,  consider 
the  case  where  a contains  some  zero  entries . Let  a =■ 

[1  0 2] ’ and  y ■ [132]’.  It  is  clear  that  y cannot  be 
a multiple  of  a since  the  second  coordinate  of  a is  zero 
while  that  of  y is  not.  In  order  for  y to  be  a multiple 
of  a,  it  is  necessary  that  for  each  zero  entry  of  a,  the 
corresponding  entry  of  y should  also  be  zero.  Suppose 
a » [1  0 2]  ' and  y ■ [2  0 4]  ' , then  y is  a multiple  of 
a if  and  only  if  y'  ■ [24]'  is  a multiple  of  a'  - [12]. 
This  fact  suggests  that  we  can  consider  the  simpler  case 
of  y*  and  a'  rather  than  y and  a.  Motivated  by  discussions 


e2  and 


La3 


u. 
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above , the  modified  exterior  product  algorithm  for  the 
p * 2 case  follows: 

(1)  If  a^  ■ 0,  do  the  following  tests;  otherwise  go  to 

(2)  . 

(i)  If  the  corresponding  y^  ■ 0,  delete  the  ith 
row  and  go  to  (1) ; otherwise,  stop,  (y  cannot  be  a 
multiple  of  a . ) 

(2)  Finally  we  reach  the  situation  where  every  entry  of 
a is  nonzero.  If  at  least  one  of  the  sequential  2x2 
minors  of  [y1  a']  is  not  zero,  stop  (y  cannot  be  a multiple 
of  a) ; otherwise,  y is  a multiple  of  a. 

B.  P - 3. 

Given  y,  a response  vector,  a and  E,  two  linearly 
independent  vectors,  the  objective  is  to  determine  if  y 
can  be  a linear  combination  of  a and  E.  As  an  example, 
let  y - [1  2 4 6 5] ' , a - [2  4 8 12  10] ',  and  E - [3  6 12 
18  15]'.  The  exterior  product  of  the  three  vectors  is 
y A a AE«  [0000000000]'.  It  follows  that  y, 
a and  E are  linearly  dependent,  which  in  turn  implies  that 
y is  a linear  combination  of  a and  E.  Note  there  are 
ten  3x3  minors  calculations  involved.  If  we  further 
assume  that  no  sequential  2x2  minor  of  [a  E]  is  zero, 
evaluation  of  three  3x3  sequential  minors  is  sufficient 
to  determine  whether  y is  a linear  combination  of  a and 
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E.  If  any  of  the  three  3x3  sequential  minors  is  not 
zero,  it  follows  immediately  that  y cannot  be  a linear 
combination  of  a and  E.  The  proof  of  the  above  statement 
can  be  developed  in  a similar  manner  as  that  for  the 
p » 2 case. 

Next,  the  case  where  some  of  the  sequential  2x2 
minors  of  [a  E]  are  zero  will  be  investigated.  Let  y = 

[1  3 4 5] ' , a - [0  6 8 10] ' , and  E - [0  9 16  IS] ' , it  fol- 
lows that  the  first  2x2  minor  of  [a  E]  is  zero.  Since 
y^  » 1 / 0,  it  is  clear  that  y cannot  be  a linear  combina- 
tion of  a and  E.  If  y is  changed  to  y ■ [0345]',  then 
y can  be  a linear  combination  of  a and  E if  and  only  if 
y'  » [345]'  can  be  a linear  combination  of  a'  ■ [6  8 10] ' 
and  E'  » [9  16  15] ' . Thus  the  dimension  of  the  original 
problem  has  been  decreased  by  one.  As  in  the  last  example, 
consider  the  case  where  y ■ [1  3 4 5] ',  a * [238  10] ' and 
E » [4  6 16  15] '.  The  first  2x2  minor  of  [a  E]  is  zero, 
while  that  of  [y  a]  is  not  zero,  it  is  obvious  that  y 
cannot  be  a linear  combination  of  a and  E.  To  sum  up  the 
above  discussions,  we  have  the  following  algorithm: 

(1)  Precompute  every  sequential  2x2  minor  of  [a  E] . 

(2)  If  the  ith  minor  is  equal  to  zero,  do  the  following 


tests;  otherwise  go  to  (4) . 
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If  a^  ■ b^  - 0,  go  to  (ii) ; otherwise,  go  to  (iii) . 

Do  a similar  test  for  a^+^  and  bi+^. 

x.  U 

(ii)  If  the  corresponding  yi  * 0,  cross  the  i 
row  out  and  go  to  (2) ; otherwise,  stop,  (y  cannot  be 
a linear  combination  of  a and  E. ) 

(III)  If  ' * 0 or  ^bibi+i^  ' " the 

position. 

(iv)  If  the  determinant  of  [y ] ’ with  any  non- 
zero  [aiai+]_l  ' or  ^bibi+i^  ' is  zero'  cross  the  i 
row  out  and  go  to  (2) ; otherwise,  stop.  (y  cannot 
be  a linear  combination  of  a and  E) 

(3)  After  crossing  out  any  row,  we  must  perform  a new 
minor  test  and  proceed  as  in  (2) . 

(4)  At  last,  the  situation  is  reduced  to  that  for  [a'E  ^ 
where  no  sequential  2x2  minor  is  zero.  If  at  least  one 

of  the  3x3  sequential  minors  of  [a'E'y1]  is  nonzero, 

stop.  (y  cannot  be  a linear  combination  of  a and  E) ; 

otherwise,  y is  a linear  combination  of  a and  E. 

C.  General  Case 

We  have  y,  a response  vector,  a^,  a2,»**ap_i,  P”1 
linearly  independent  vectors.  The  objective  is  to  de- 
termine if  y can  be  a linear  combination  of  the  p-1  vec- 
tors. 

(1)  Precompute  every  (p-1)  x (p-1)  minor  of  [a^,aj. . .ap_^] . 


> 
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t*  h 

(2)  If  any  i minor  is  zero,  do  the  following  tests; 
otherwise,  go  to  (4) 

(i)  If  ■ *2,i  m * ap-i  i * °'  9°  to  (ii) • 

otherwise,  go  to  (iii) . 

(ii)  If  the  corresponding  yi  ■ 0,  cross  the  ifcil  row 
out  and  go  to  (3);  otherwise,  stop.  (y  cannot  be  a 
linear  combination  of  the  p-1  vectors) 

(iii)  If  any  of  [.^  «Jfi  + x aja  + p_2l  1 

(j  ■ l,2,...p-l)  is  zero,  mark  the  position  and  go 
to  (iv) . If  two  or  more  of  them  are  zero  vectors, 
go  to  (v)  . 

(iv)  If  the  determinant  of  [y^,y^+1, . . •y^+p.2^  ' w*til 
any  remaining  p-2  nonzero  vectors  is  zero,  go  to  (v) ; 
otherwise,  stop.  (y  cannot  be  the  linear  combination 
of  the  p-i  vectors.) 

(v)  Proceed  as  in  p-1  case,  determine  which  one  of 
the  p-1  rows  is  a linear  combination  of  the  other 

p-2  ones  and  cross  the  located  row  out,  then  go  to  (3) . 

(3)  After  crossing  the  row  out,  we  must  do  (p-2)  addi- 
tional minor  tests. 

(4)  Finally,  the  situation  is  reduced  to  the  case  where 

no  (p-1)  x (p-1)  sequential  minor  of  [a^  aj  ...  is 

zero. 

If  at  least  one  p x p sequential  minor  of  [y'  a^  a£ 
...a^_^]  is  nonzero,  stop;  (y  cannot  be  a linear  combina- 


1 


I 


I 


I 


I 


t 


O 


269 


tion  of  the  p-1  vectors)  otherwise,  y is  a linear  combina- 
tion of  the  p-1  vectors.  From  the  above  discussions,  we 
can  draw  an  important  conclusion:  Once  some  (p-1)  x (p-1) 
minor  is  zero,  we  either  stop  or  cross  the  ith  row  out. 
Thus  computing  time  is  reduced.  Also  note  that  in  a situ- 
ation where  the  p-1  vectors  a^,  a2,  ...  ap-1  are  known  a- 
priori  (s~uch  as  might  arise  in  the  solution  of  the  linear- 
ized fault  diagnosis  equations)  much  of  the  work  with  p-1 
x p-1  minors  can  be  done  off-line  with  only  the  final  com- 
putation of  p x p minora  (via  a Laplace  expansion  into 
procoraputed  p-1  x p-1  minors)  being  done  on-line. 


0.  Computer  Simulation  and  Results  (for  p ■ 1 Case) 

Using  the  above  described  algorithm  a 10th  order 
system  was  simulated  on  the  CDC-1604  computer.  The  re- 
sultant number  of  multiplications  proved  to  be  relative 

low  compared  to  that  required  for  the  inversion  of  a 10 

* 

x 10  matrix.  Thus,  the  exploitation  of  the  special  prop- 
erty assiciated  with  special  form  of  the  solution  of  the 
fault  diagnosis  equations  really  saves  computer  time,  / 

implying  the  possibility  of  on-line  fault  diagnosis. 


Error  Analysis 


Instead  of  restricting  the  components  of  x to  be 
zero,  we  allow  for  the  possibility  that  the  zero  entries 


* _ 

For  the  case  of  one  non-zero  coordinate  in  x,  we  estimate 

that  about  (2.5)  n multiplications  are  required. 


270 


are  corrupted  by  noise,  e Now,  an  error  analysis  formula 

for  the  p ■ 1 case  will  be  derived.  Let  C be  the  nonzero 

component,  the  maximum  absolute  value  of  e.  will  be 

o i M 

and  "A"  denotes  the  modified  exterior  product  of  sequen- 
tial minors.  The  problem  to  be  solved  becomes 
n 


l 


:jaj 


+ Ciai 


Taking  the  modified  exterior  product  of  y and  a^,  we  have 

o 

Let  k » i,  since  a^^  /\  a^  ■ 0,  then 


n o _ n _ o 

s ” l e-jai  A av  i £m  E Iai  A akl  “ s 
j^i  3 3 K ” j*i  3 K 


Applying  the  triangle  inequality,  |A  - B|  _>  | A J - | B J , 
to  L^,  yields 

1 


o no 


In  order  to  locate  where  the  non-zero  coordinate,  we  argue 
that  < L^j.  , then 


0 


* 
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n 

e„  ) 


M - *jA  -il  < lctl  |5i  A 1 


V • £M  l 1 a 


/.  I “4 

j*i,k  3 


which  implies  that 


n _ o n _ ° o 

eM(  I lai  A ail  + l 1*4  A a.  | } < | C.|  | a.  A a. 

M j*i  3 1 j^i,k  J k i i ~k 


That  is , 


M 


*4  A a.  I 


<-f"T 


_ o n o _ 

. I J a.  /\  a.J  -t*  J 1 1 . A a.  I 
j*i  3 j^i»k  3 * 


This  condition  thus  represents  a bound  on  the  ratio  of 
the  noise  in  the  "zero"  entries  of  x to  the  amplitude  of 
the  nonzero  entry  which  will  assure  the  validity  of  our 
exterior  product  algorithm. 


>o 


CHAPTER  III 


SOLUTION  OF  THE  FAULT  DIAGNOSIS  EQUATIONS -NONLINEAR  CASE 

As  mentioned  in  Chapter  I,  the  multifrequency  analysis 
gives  us  a way  in  locating  the  faults  of  a system  without 
access  to  many  test  points.  The  idea  behind  the  multi- 
frequency diagnosis  is  based  on  the  dynamical  properties 
of  the  components  and  the  assumption  that  the  variations 
in  the  components  from  nominal  status  are  due  entirely  to 
changes  in  a fixed  parameter  vector,  r,  with  the  dynamical 
character  of  Z unchanged.  If  one  further  assumes  that 
only  one  component  or  one  "burst"  group  of  components  has 
failed,  the  problem  can  be  numerically  solved  very  econom- 
ically by  virtue  of  Householder's  formula. 

Techniques  for  Evaluating  the  Connection  Function  Using 
Householder 1 s Formula 

Let  A,  A,  C,  and  R denote  matrices  of  order  n X n, 
n X n,  nX  k,  and  k X n,  respectively,  and  let 

A - A + CR  (3.1) 

If  we  know  A"1 in  advance,  and  k is  "small",  we  can  eval- 
''-l 

uate  A by  Householder's  formula: 

A-1  - [In  - A_1C(Ik  + RA'LC)“1R]A'1  (3.2) 


1 


O | 


o 


- 


”’r 
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Not  that  only  the  inversion  of  a k x k matrix  is  involved 

~_1 

in  the  computation  of  A . Now  assume  that  one  entry  (or 
a group  of  entries)  of  the  composite  component  transfer 
function  matrix,  Z(s,r),  has  changed,  then  the  new  matrix 
becomes 


Zl(s,r)  - Z(s,r)  + (j  jj] 


(3.3) 


where  A is  the  lxl  (or  k X k)  matrix  of  entries  in 
Z(s,r)  which  are  affected  by  the  parameter  change.* 
By  (3,3)  , we  have 


I„  - Z1(s,r)L11  - (In  - Z(s,r)Lu) 


- B cn 


<xn  ’ z(*'r)LU)  ’ W[Lll' 


(3.4) 


where  is  a 1 X n (or  k X n)  matrix.  Applying  House- 
holder's formula,  we  have 

«n  - zl(s'F,Lurl  * K„  * Un  - 


dk  ” Lll(In  * Z(s,r)L11)“1[5]>“£*1]  (I„  “ Z (s  ,r)  Lt  t ) ™1 


U/  iqj/ 


(3.5) 

Substituting  equation  (3.5)  into  equation  (1.5),  we  ob- 
tain the  new  connection  function.  Thus,  we  can  express 


Since  Z(s,r)  is  block  diagonal,  k is  typically  very  nearly 
equal  to  the  number  of  parameters  which  have  changed. 
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the  connection  function  as  a function  of  4,  S^(r,A) , once 
the  non-variable  components  of  the  parameter  vector,  r, 
are  fixed  at  their  nominal  values.  The  advantage  of  such 
a technique  is  that  in  the  process  of  evaluating  the  new 
connection  function  S^,  there  is  essentially  no  matrix 
inversion  involved.  (or  just  the  inversion  of  a k X k 
matrix  when  A is  k by  k.) 

Search  Algorithms  for  the  Solution  of  the  Fault  Diagnosis 
Equations 

One  application  of  the  optimization  theory  is  the 
equation  solving  by  search.  Given  a set  of  equations 

gi(X)  * 0 i - 1,2, . . .n  (3.6) 

The  objective  is  to  find  the  solution  vector  x * [X1X2..*Xn]' 
which  satisfy  (3.6).  To  form  an  equivalent  minimization 
problem,  a performance  measure 

J(X)  A l [g. (X) 1 2 (3.7) 

i-1  x 

is  defined. 

Note  that  J(x)  is  always  non-negative,  therefore,  if  an 
JT  exists  for  which  J(x)  ■ 0,  it  must  be  a minimum  point 
for  J(x)  and  a solution  of  (3.6).  Thus,  the  solutions 
to  (3.6)  are  obtained  by  searching  for  the  minima  of 
J(x)  . 
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A vary  efficient  algorithm  for  finding  the  minimum  of 
a convex  function  of  one  variable  i3  the  Golden  section 
search.  In  the  following  we  will  describe  the  algorithm. 

The  objective  here  is  to  locate  the  minimum  of  f(t),  f(t'), 
between  [O,*].  Two  positive  numbers  c and  s are  supplied; 
also,  the  Fibonacci  numbers,  F^  ■ (3-/5) / 2 Z 0.38  and 
F2  » (/ 5 - l)/2  2 0.68  will  be  employed. 

(1)  Compute  f(c)  and  f(0). 

(2)  If  f(c)  f(0),  set  1Q  » 0,  raQ  * c,  and  go  to  (7); 
otherwise,  go  to  (3) . 

(3)  Set  i ■ 0,  and  d^  ■ 0. 

o 

(4)  Set  di+1  - d^  + c. 

(5)  Compute  f(di+^). 

(6)  If  > ffd^,  set  1Q  ■ d^,  - di+1,  and  <?° 

to  (7);  otherwise,  set  i ■ i+1  and  go  to  (4). 

At  this  point  in  the  algorithm,  t'e[l0,m0],  and  we  want 
to  reduce  the  interval  containing  t ' . 

(7)  Set  j * 0. 

(8)  Set  r j - (mj-Aj)  * 

, (9)  If  Tj  < S,  go  to  (12);  otherwise,  go  to  (10). 

(10)  Set  aj  » lj  + Flrj  and  bj  * lj  + F2rj* 

(11)  If  f(a^)  < f(bj),  set  lj+1  ■ 1^,  nttj+1  ■ b j , set 

j ■ j + 1 and  go  to  (8);  otherwise,  set  ■ *y  mj+i  ■ m j » 


set  j ■ j + 1 and  go  to  (8)  . 

(12)  Set  t'  ■ (lj  + mj)/2  and  stop. 
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Suppose  for  the  fault  diagnosis  problem  there  is  only  one 
component  parameter  r^  which  changes  its  value.  To  locate 
r^ , the  function  to  be  minimized  is 

f (t)  - | iS1(s,t)  - S (3)  [| 2 

where  t * + r^  denotes  the  failed  value  of  the  compon- 

ent. The  minimum  point  t'  for  the  changed  component  should 
represent  the  exact  value  and  the  minimum  value  at  the 
point  should  approach  zero.  Here,  S(s)  denotes  the  trans- 
fer function  matrix  for  the  faulty  system.  If  there  is  a 
group  of  parameters  which  change  simultaneously,  the  func- 
tion to  be  minimized  becomes 

f (v)  » | |s1(s,v)  - S (s) | | 2 

where  v is  a column  vector,  the  dimension  of  the  vector 
depends  on  how  many  components  are  assumed  to  have  failed 
at  once.  In  this  case,  the  Golden  section  search  method 
is  not  applicable,  and  3ome  other  "decent  algorithm"  like 
the  methods  of  steepest  descent  and  conjugate  gradient  must 
be  used.  The  minimum  point  v'  should  represent  the  exact 
failed  values  of  the  group  of  components  and  the  minimum 
value  at  that  point  is  expected  to  approach  zero. 

Examples  and  Computer  Simulation 

As  a first  example,  consider  the  Butterworth  filter 
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shown  in  figure  2. 

For  which  the  component  connection  model  takes  the  form 
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Here  we  imbed  the  source  and  load  resistors  into  the  con- 
nection structure  since  they  are  not  components  in  the 
usual  sense  and  are  assumed  to  be  external  to  the  circuit 
under  test.  Let  the  nominal  values  of  the  parameters  be 
C1  » 10,  L1  ■ 20,  C2  » 30,  and  L2  * 40.  We  then  simulated 
the  system  on  the  CDC-1604  computer  for  four  sets  of  para- 
meters with  one  component  changed  at  a time.  The  algorithm 
used  is  Golden  section  search  method  and  the  function  to 
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be  minimized  is 

f (t)  - | |S1(s,t)  - S(s) | |2 


where  t denotes  the  new  value  of  each  component.  The  re- 
sults are  summarized  in  Table  1. 

From  table  1 it  is  observed  that  for  the  failed  component, 
f(t')  is  very  close  to  zero  and  t'  is  exactly  the  new  com- 
ponent value.  Thus  the  fault  can  be  detected  and  isolated. 
This  search  technique  proves  to  be  very  efficient  for  lo- 
cating one  faulty  component  of  a system  and  we  believe 
that  the  results  are  very  significant  in  the  area  of  the 
fault  diagnosis  work. 

As  a more  sophisticated  example,  let  us  look  at  a one 
stage  transistor  amplifier  as  shown  in  figure  3.  The 

hybrid  equivalent  circuit  of  the  amplifier  is  shown  in 

8 3 

figure  4.  The  component  connection  model  becomes  as 

shown  in  (3.10)  and  (3.11) . 


Let  the  scaled  nominal  values  of  parameters  be  * 20, 
rx  = 10 , S - 40,  Cu  » 25,  C2  - 20,  Rg  » 75,  Rq  * 30, 

* 15,  Ce  * 10,  gm  * 10,  R ■ 10,  R^  * 20.  We  then  sim- 
ulated the  system  on  the  CDC  - 1604  computer,  using  twelve 
new  sets  of  parameters  with  one  component  value  changed 
at  a time.  The  algorithm  used  is  the  Golden  section  search 
method  and  the  function  to  be  minimized  is 


f 


Table  1.  Computer  Simulation  Results  for  the  Butterworth 
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f (t)  - | | Sx (s, t)  - S(s) | |2 

where  t denotes  the  new  value  of  the  faulty  component. 

The  results  are  summarized  in  table  2.  From  table  2,  the 
conclusion  is  again  that  for  the  failed  component,  f(t') 
approaches  zero,  and  t'  is  exactly  equal  to  component  value. 
Note  that  if  the  minimum  occurs  at  infinity,  we  assume  it 
is  at  the  point  1000  in  the  computer  simulation  process. 


> 


Table  2.  Computer  Simulation  Results  for  one  Stage  Transistor  Amplifier 
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CHAPTER  IV 

JACOBIAN  TECHNIQUE  SOLVING  FOR 
THE  FAULT  DIAGNOSIS  EQUATIONS 

Using  the  matrix  identity, 

3 v_1  » v"1  3Y  V"1  (A  1 \ 

JZ  Y _Y  ^Z  Y ' (4‘1) 

it  is  easily  shown  that  the  derivative  of  the  connection 
function,  S(s,r),  can  be  expressed  as 


Equation  (4.2)  implies  that  the  Jacobian  matrix  of  the 
fault  diagnosis  equations  can  be  computed  analytically  ' 
with  no  additional  matrix  inversion  involved  over  and  above 
that  required  to  evaluate  the  connection  function  suggest- 
ing that  we  might  solve  the  fault  diagnosis  equations  by 
way  of  the  Jacobian  matrix.  To  solve  the  fault  diagnosis 
equations  under  the  assumptions  that  all  parameter  vari- 
ations are  small  and  that  the  dynamical  properties  of  the 
components  remain  unchanged,  it  is  expected  that  a single 
interation  of  the  Newton-Raphson  method  will  yield  a 
good  approximation  to  the  solution  of  the  equations  in 
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: ro  - j-1(r0)(s(r0)  - sD)  (4.3) 

Here,  rQ  is  the  nominal  parameter  vector, 

S(F)  * col  (vecS.(F)),  Sm  ■ col(vec  S?)  , 

— O 1 O — 1 

and  s“  is  the  measured  frequency  response  at  the  complex 

frequency  S.,  and  J (?)  is  the  Jacobian  matrix  of  S 
iso  — 

evaluated  at  rQ.  The  "vec”  operation  used  above  is  forma- 
lized by  the  equality 

vec(A)  = col  (a^)  (4.4) 

where  a^  denotes  the  ith  column  of  the  matrix  A. 

From  equation  (4.3),  we  have 

« - *0  - - 1 : J^(r0)  <S<F0)  - s“)  (4.5) 

where  S'  is  the  error  vector  between  the  nominal  parameter 
vector  and  the  new  parameter  vector.  If  the  solution  is 
close  enough  to  rQ,  it  is  expected  that  the  entries  of  the 
e vector  will  consist  of  two  disjoint  subsets  separated  by 
a threshold,  T;  the  elements  in  one  set,  E^ , are  always 
greater  than  T,  while  the  elements  of  the  other  set,  E2, 
are  always  less  them  T.  It  follows  from  a heuristic  argu- 
ment that  the  failed  components  are  subset  of  E^.  Thus, 
the  dimension  of  the  original  problem  has  been  reduced 
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to  that  of  E^ , and  the  fialure  can  be  diagnosed  easily 

because  of  the  small  dimensionality  of  E^ . The  advantage 

of  3uch  an  approach  is  that  all  computations  of  S(Fq)  and 

j”1  (r  ) are  at  the  nominal  parameter  vector  r . which 
so  o 

cam  be  precomputed.  This  implies  that  the  algorithm  may 
be  implemented  on  a real  time  basis  for  a large  intercon- 
nected dynamical  system. 

The  above  algorithm  has  been  simulated  for  several 
systems  on  the  CDC-1604  computer,  and  the  results  seem 
a little  restricted.  As  a first  example,  consider  the 
Butterworth  filter  shown  in  figure  2,  for  which  the  com- 
ponent connection  model  takes  the  form  of  equations  (3.8) 
amd  (3.9).  The  nominal  values  of  parameters  are  C1  » 10, 
* 20,  C2  = 30,  L2  * 40,  and  the  computer  simulation 
results  of  the  example  are  summarized  in  Table  3. 

From  table  3,  it  is  observed  that  for  small  changes  in 
the  parameters,  this  algorithm  yields  good  results. 

As  a more  sophisticated  example,  the  dimension  of 
the  Butterworth  filter  is  increased  to  eight  components. 
The  component  connection  model  then  becomes  as  shown  in 
(4.6)  and  (4.7). 

Simulating  the  system  on  the  computer  using  the  nominal 
values  * 10,  » 20,  C2  = 30,  L2  a 40,  C3  * 35,  » 

C4  » 15,  L4  = 5,  the  results  are  summarized  in  Table  4. 
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Table  4 . Computer  Simulation  Results  for  the  8th  order  Butterworth  Filter 


INew 

Parameterl 
lvalues 


10.1  I 20 


30 


40 


35 


25 


15 


0.5 


8.01 


5.45 


7.6 


-9.43 


-10.23 


-1.62 


-0.26 


As  shown  in  the  table,  even  for  a very  small  amount  of 
change,  the  error  vector  does  not  manifest  the  phenomenon 
which  we  expect.  Thus  this  algorithm  is  not  suitable  for 
general  purpose  applications. 

The  reason  that  the  method  fails  is  that  the  Jacobian 
matrix  for  the  fault  diagnosis  equations  is  usually  ill- 
behaved  for  matrix  inversion.  The  larger  the  dimension 
of  the  system,  the  more  numerical  errors  occur;  thus  the 
technique  works  well  for  the  small  system  but  fails  in  the 
larger  system.  A technique  for  improving  the  shortcomings 
of  this  method  is  based  on  the  fact  that  the  structure  of 
the  Jacobian  matrix  for  the  fault  diagnosis  equations 
strongly  depends  upon  the  frequencies  we  select  to  perform 
the  multifrequency  test.  Some  experimental  work  on  the 
computer  has  shown  that  if  we  select  frequencies  such  that 
the  Jacobian  matrix  becomes  row  dominant,  the  results  will 
be  more  satisfactory.  The  mechanism  behind  this  technique 
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CHAPTER  V 
CONCLUSION 

In  this  thesis,  several  search  algorithms  for  the 
solutions  of  the  fault  diagnosis  equations  have  been 
developed.  Although  the  applications  of  the  algorithms 
are  restricted  to  the  case  of  one  error  or  one  group  of 
errors,  it  can  be  extended  to  the  multivariable  case  with 
some  suitable  modifications.  This  approach  has  two  im- 
portant characteristics,  first,  by  using  Householder  for- 
mula, only  a very  small  matrix  is  inverted  in  each  iter- 
ation, thus  significantly  reducing  computer  time;  second, 
the  success  of  this  algorithm  brings  us  closer  to  the 
goal  of  automated  fault  diagnosis. 

In  recent  years  many  papers  concerning  the  fault 
diagnosis  work  have  been  presented,  but  to  our  knowledge 
the  search  algorithm  is  the  best  thus  far  obtained  for  the 
solution  of  the  diagnosis  equations  with  a single 'fault . 
Yet,  much  work  still  has  to  be  done  in  this  area.  The 
ill-conditioned  behavior  of  the  Jacobian  matrix  of  the 
fault  diagnosis  equations  makes  it  very  hard  to  solve  the 
equations  by  standard  algorithm  such  as  Newton's  method. 
However,  the  freedom  in  the  selection  of  test  frequencies 
makes  it  possible  to  change  the  structure  of  the  Jacobian 
matrix  and  thus  open  up  the  possibility  of  improving  the 
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I.  Introduction 

Package  ECMP*  is  a FORTRAN  63  coded  routine  that  will  compute  the. 
value  of  the  DELTA  (-5)  parameter,  which  represents  a measure  of  testability 
for  electronic  circuits  and  systems.  It  will  also  output  the  cost  in- 
volved corresponding  to  each  possible  combination  of  inputs  and  outputs 
specified. 

The  inputs  to  the  package  consist  of  the  Component-Connection  Model 
of  the  circuit  or  system  and  certain  other  information  corresponding  to 
costs,  frequencies,  formats  and  options.  The  standard  output  consist  of 
each  case  and  the  corresponding  cost,  5,  and  the  last  test  eigenvalue.  Several 
options  (both  on  input  and  output)  are  available  to  the  user  for  various 
changes. 

For  a description  of  the  analytical  aspects  behind  the  package,  user 
is  referred  to  references  [1]  - [3].  These,  especially,  Chapter  IV  in  refer- 
ence [3],  will  help  to  give  a better  understanding  to  the  user. 

The  package  needs  no  modification  from  problem  to  problem  and  is  only 
limited  by  the  memory  size  or  computer  time.  A short  calling  program,  two 
subroutines  and  a data  deck  to  require  modification  by  the  user  from  problem 
to  problem,  as  they  supply  both  the  analytical  representation  of  a particular 
problem  and  the  information  dictating  operating  modes,  initial  conditions 
for  the  general  subroutine,  ECMP  and  the  options  in  effect. 

ECMP  is  written  for  single  precision  calculations  to  work  on  a CDC  1604 
computer.  Suitable  modifications  must  be  made  to  comply  with  other  computer 
systems,  if  to  be  used.  Also,  changes  are  required  for  use  of  double  pre- 
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cision.  This  may  mean  modification  to  the  general  routine  ECMP  and  to 
the  subroutines  contained  in  the  ECMP. 

An  explanation  of  the  user  supplied  routines  and  data  will  now  be 
given.  This  will  be  followed  by  a complete  program  listing  in  section  3. 

Finally,  section  4 contains  an  example  run  on  the  package  which  in- 
cludes sample  user  supplied  subroutines  and  the  standard  output  printout. 
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II.  'Jser  Supplied  Routines 

A brief  description  and  form  listing  of  each  subroutine  is  given 
in  this  section. 

2.1  Main  Calling  Program 

The  user  supplied  main  program  property  dimensions  all  matrices  used 
by  the  general  routine  ECMP,  and  makes  the  appropriate  call  to  ECMP, 
thus  passing  control  to  the  general  routine.  The  calling  program  is: 

DIMENSION  A(NZ,NZ) , AL11(NZ,NZ),  AL12(NZ,NZ),  AL21(N0,NZ), 

AL22(N0.  NI) , B(NZ,NZ),  C(NZ,NZ),  CCOF(NFVEC.NP) , \ 

CQF(NF,NVEC,NP) , COL(NVEC) .COST! (NI) , COSTO(NO),  0(NZ,NZ) ,D1FZ(NZ,NZ) , j 

DP(NP.NP),  E(NZ.NZ),  F(NZ,NZ),  G(NZ.NZ) , i 

H(NZ,NZ),  LCOMI  (MAXCAS),  LCOMO(MAXCAS) , NUMB (MAX I TER ) , j 

ODG(NP) , P(N0,NZ) , R(N0,NZ) , SDG(NP),  SENS(NF.NVEC.NP) , 

SEQ(NSEQ) , SYSM(NO.NI),  T(NO,NI),  TCC0F(NP ,NFVEC) , 

VAL( MAX ITER) , VRF(IO),  VWF(IO),  W(NZ,NI),  XI(NZ.NZ),  Z(NZ,NZ) 

READ  (5,1000)  INDOPT,  MAXCAS,  MAXITER,  NF,  NFVEC,  NI , NO,  NP, 

NSEQ,  NVEC,  NZ. 

CALL  ECMP  (A,  ALII,  AL12,  AL21 , AL22,  B,  C,  CCOF,  COF,  COL,  C0ST1 , 

COSTO,  0,  DIFZ,  DP,  E,  F,  G,  H,  INDOPT, 

LCOMI,  LCOMO,  MAXCAS,  MAXITER,  NF,  NF/EC,  NI , NO,  NP, 

NSEQ,  NUMB,  NVEC,  NZ,  ODG,  P,  R,  SDG,  SENS,  SEQ,  SYSM, 

T,  TCCOF,  VAL,  VRF,  VWF,  W,  XI,  Z) 

1000  FORMAT  (11  15) 

END. 

The  arguments  in  the  dimension  statements  are  only  symbolic;  specific 
integer  values  equal  to  these  values  must  be  used  in  the  dimension  statements 

(l 
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when  executing  a program.  Also  integer  values  are  to  be  near  for  Data 
Card  1 in  integer  FORMAT. 

An  explanation  of  the  48  symbols  follows: 


A = WORKING  MATRIX  OF  SIZE  NZ*NZ 
ALII  = FEEDBACK  MATRIX  LI 1 OF  SIZE  NZ*NZ 
ALT  2 = POST  COMPENSATOR  MATRIX  LI  2 OF  SIZE  NZ*NI 
AL21  = PRE  COMPENSATOR  MATRIX  121  OF  SIZE  NO*NZ 
AL22  = FEED  FORWARD  MATRIX  L22  OF  SIZE  NO*NI 
3 = WORKING  MATRIX  OF  SIZE  NZ*NZ 

C = WORKING  MATRIX  OF  SIZE  NZ*NZ 

CCOF  = COEFFICIENT  , MATRIX  OF  SIZE  NFVEC*NP 
COF  = COEFFICIENT  ARRAY  OF  SIZE  NF*NVEC*NP 
COL  = COLUMN  VECTOR  OF  SIZE  NVEC 
COSTI  = VECTOR  OF  SIZE  NI  TO  CONTAIN  INPUT  COSTS 

COSTO  * VECTOR  OF  SIZE  NO  TO  CONTAIN  OUTPUT  COSTS 

D = WORKING  MATRIX  OF  SIZE  NZ*NZ 

OIFZ  = SINGLE  PARAMETER  SENSITIVE  COMPONENT  MATRIX 
OF  SIZE  NZ*NZ 

DP  = SYMMETRIC  POSITIVE  SEMIDEFINITE  MATRIX  OF 
SIZE  NP*NP 

E = WORKING  MATRIX  OF  SIZE  NZ*NZ 

F = WORKING  MATRIX  OF  SIZE  NZ*NZ 

G = WORKING  MATRIX  OF  SIZE  NZ*NZ 

H = WORKING  MATRIX  OF  SIZE  NZ*NZ 

INDOPT  = INDICATOR  FOR  ANY  OPTIONAL  FEATURE  USED  OR  DESIRED.  SHOULD  BE: 

ANY  NON-ZERO  INTEGER,  IF  ANY  OPTIONAL  FEATURE  IS  DESIRED 
(CORRESPONDING  TQ  INDX1  TO  INDX12).  EXPLANATION  OF  THESE  FEATURES 
IS  ON  THE  NEXT  DATA  CARD  OETAILS 
LCOMI  = VECTOR  OF  SIZE  MAXCAS  TO  CONTAIN 
INPUT  COMBINATIONS 

LCOMO  = VECTOR  OF  SIZE  MAXCAS  TO  CONTAIN 
OUTPUT  COMBINATIONS 

MAXCAS  = MAXIMUM  NUMBER  OF  CASES  TO  BE  ANALYZED  * (2**NO-l)  * (2**NI-1 ) , 

MAX I TER  = .MAXIMUM  NUMBER  OF  ITERATIONS  TO  BE  PERFORMED  AT  AN  INTERNAL  OF  10"' 

STARTING  FROM  AN  ASSUMED  TEST  EIGENVALUE  OF  1.0  FOR  STURM  SEQUENCE 
COMPUTATION 

NF  = NUMBER  OF  FREQUENCIES  TO  BE  USED  FOR  ANALYSIS 
NFVEC  = NUMBER  OF  ELEMENTS  IN  THE 

VECTOR  OF  INPUTS  AND  OUTPUTS  AT  ALL  FREQUENCIES  = NO*NI*NF 
NI  = NUMBER  OF  INPUTS 

NO  = NUMBER  OF  OUTPUTS 

NP  * NUMBER  OF  POTENTIALLY  VARIABLE  CIRCUIT  PARAMETERS  ALSO  CALLED  SENSITIVITY 
PARAMETERS 

NSEQ  = NUMBER  OF  ELEMENTS  IN  THE  STURM  SEQUENCE  VECTOR  =*  NP+1 
NUMB  = MAXITER  TO  CONTAIN  NUMBER  OF  EIGENVALUES  LESS  THAN  TEST  VALUE  FOR  EACH 
ITERATION 

NVEC  = NUMBER  OF  ELEMENTS  IN  THE  VECTOR  OF  INPUTS  AND  OUTPUTS  AT  EACH 
FREQUENCY  =■  NO*NI 
NZ  = NUMBER  OF  COMPONENTS 
ODG  = VECTOR  OF  SIZE  NP  TO  CONTAIN  ON  DIAGONAL 
ELEMENTS  OF  THE  TRIDIAGONAL  MATRIX 
P * WORKING  MATRIX  OF  SIZE  NO*NZ 

R * WORKING  MATRIX  OF  SIZE  NO*NI 


i 


303 


3DG  * VECTOR  OF  SIZE  NP  TO  CONTAIN  SUPER  OR  SUB 
DIAGONAL  ELEMENTS  OF  THE  TRI DIAGONAL  MATRIX 

ENS  = ARRAY  OF  SIZE  NF*NVEC*NP  TO  CONTAIN 
JACOBIAN  MATRIX 

SEQ  3 VECTOR  OF  SIZE  NSEQ  TO  CONTAIN  STURM  SEQUENCE 
SOLUTION  FOR  A PARTICULAR  ITERATION 
S7SM  * COMPOSITE  SYSTEM  TRANSFER  FUNCTION 
MATRIX  OF  SIZE  NO*NI 
T * WORKING  MATRIX  OF  SIZE  NO*NI 
CCOF  - MATRIX  OF  SIZE  NP*NFVEC  TO  CONTAIN 
TRANSPOSED  COEFFICIENTS 

7AL  3 VECTOR  OF  SIZE  MAX ITER  TO  CONTAIN  TEST 
EIGENVALUE 

VRF  3 VARIABLE  OF  SIZE  10  TO  CONTAIN  VARIABLE 
READ  FORMAT 

VWF  = VARIABLE  OF  SIZE  10  TO  CONTAIN  VARIABLE 
WRITE  FORMAT 

W * WORKING  MATRIX  OF  SIZE  NZ*NI 
XI  3 IDENTITY  MATRIX  OF  SIZE  NZ*NZ 
Z 3 COMPONENT  MATRIX  OF  SIZE  NZ*NZ 


Caution  must  be  exercised  In  including  all  the  37  matrices  in  the 
DIMENSION  statement  and  In  all  the  48  entries  in  the  CALL  statement  argument 
list  properly.  In  the  remaining  user  supplied  subroutines,  all  matrices  are 
given  the  variable  dimensions  as  allowed  by  FORTRAN. 


2.2  Subroutine  For  Supplying  Composite  Component  Model 
(Subroutine  COMPNTl 

This  user  supplied  subroutine  COMPNT  lists  all  the  components  to  be 
used  in  the  Z matrix  element  by  element.  Any  element  from  the  total  size  of 
the  matrix  NZ  X NZ  which  has  not  been  specified  in  this  routine,  is  auto- 
matically assumed  to  be  zero  In  the  package  (by  subroutine  ECMP). 

An  example  of  this  subroutine  for  a 12  component  case  follows: 

Here  It  Is  assumed  that  the  composite  component  model  has  been  almost  reduced 
to  a diagonal  form.  It  has  been  shown  [4],  that  this  is  always  possible 
though  this  is  not  a limitation  Imposed  by  the  present  package.  The  package 
only  expects  all  nonzero  entries  to  be  listed  whether  diagonal  or  off-diagonal. 

The  right  hand  side  (RHS)  of  each  of  the  equality  entry  below  should 
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contain  the  actual  numerical  value  of  the  component  (may  be  nominal)  or  a 
variable  s (real  frequency).  Frequency  s is  the  only  variable  permitted  on 
the  RHS  unless  the  value  of  any  other  variable.  If  used,  has  been  explicitly 
defined  in  this  subroutine. 

No  changes  should  be  made  in  the  following  statements: 

SUBROUTINE  COMPNT  (NZ,  S,  Z) 

DIMENSION  Z(NZ,  NZ) 

Example  Subroutine  COMPNT  (deck) 

SUBROUTINE  COMPNT  (NZ,  s,  Z) 

DIMENSION  Z(NZ,NZ) 

Z (1,1)  - 1.0/s 
Z (2,2)  » 1.0 
Z (3,3)  - 1.0 
Z (4,4)  - 1.0/s 
Z (5,5)  * 1.0/s 
Z (6,6)  - 1.0 
Z (7,7)  * 1.0 
Z (8,8)  - s 
Z (9,9)  - s 
Z (10,8)  - 1.0 
Z (11,11)  • 1.0 
Z (12,12)  - 1.0 
RETURN 
END 

• ’ 

I 

J 

•l 
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2.3  Subroutine  for  Supplying  Derivative  of  the  Component  Matrix  Z with 
Respect  to  the  Potentially  Variable  Circuit  Parameter 
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(Subroutine  SENSTVTY) 

This  subroutine  will  supply  the  DIFZ  Matrix  to  the  package  ECMP  and 
needs  special  attention.  Since  ECMP  Is  supposed  to  compute  Jacobian  corres- 
ponding to  each  of  the  potentially  variable  circuit  parameter  seperately, 
this  subroutine  will  have  NP  calls  from  the  ECMP  where  NP  Is  the  total  number 
of  potentially  variable  circuit  parameters.  Hence,  for  each  call,  the  user 
has  to  supply  the  Information  in  the  following  format  where  each  call  must  be 
able  to  supply  all  the  nonzero  entries  In  the  DIFZ  matrix  corresponding  to  on! 
one  of  the  potentially  variable  circuit  parameters.  Again,  all  the  entries 
not  supplied  will  be  assumed  zero  In  each  case  by  ECMP.  Also,  just  like  the 
SUBROUTINE  COMPNT,  no  entry  In  the  subroutine  given  below,  on  the  right  hand 
side  (RHS)  of  equality  may  contain  any  other  variable  except  s unless  defined 
within  this  subroutine. 

Example  Subroutine  SENSTVTY  (deck)  for  12  Parameter  case  (NP  ■ 12)  where 
for  each  sensitivity  parameter  only  one  entry  gets  changed. 

SUBROUTINE  SENSTVTY  (DIFZ,KS,NZ,S) 

DIMENSION  DIFZ  (NZ.NZ) 

GO  TO  (1,2,3,4,5,6,7,8,9,10,11,12),  KS 

1 DIFZ  (1,1)  - 1.0/s 
GO  TO  100 

2 DIFZ  (2,2)  - 1.0 
GO  TO  100 

3.  DIFZ  (3,3)  - 1.0 
GO  TO  100 

4 DIFZ  (4,4)  ■ -1.0/s 
GO  TO  100 
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5 DIFZ  (5,5)  * -1.0/s 

GO  TO  100 

6 DIFZ  (6,6)  * -1.0 

GO  TO  100 

7 DIFZ  (7,7)  * -1.0 

GO  TO  100 

8 DIFZ  (8,8)  - s 

GO  TO  100 

9 DIFZ  (9,9)  - s 

GO  TO  100 

10  DIFZ  (10,3)  - 1.0 
GO  TO  100 

11  DIFZ  (11,11)  » -1.0 
GO  TO  100 

12  DIFZ  (12,12)  - 1.0 
100  RETURN 

END. 

It  Is  quite  evident  from  the  above  example,  that  for  a circuit  with  NP 
sensitivity  parameters  the  computed  GO  TO  statement  will  be  of  the  form  : 

GO  TO  (1,2, 3, 4 NP),  KS 

and  there  will  be  NP  statement  numbers  In  addition  to  the  statement  number 
100  (RETURN)  from  1 to  NP  giving  Information  on  non  zero  entries,  corresponding 
to  NP  successive  calls. 
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2 .4  Data  Card  Set 
2.4.1  Data  Card  1 . 

Corresponding  to 

READ  (5,1000)  INDOPT,  MAXCAS,  MAX ITER,  NF,  NFVEC,  NI, 
NO,  NP,  NSEQ,  NVEC,  NZ 

1000  FORMAT  (1115) 


In  Main  Program  (User  Supplied) 

This  card  shall  contain  integer  values  corresponding  to  the  above  11 
variables.  An  explanation  of  these  variables  has  been  given  earlier  in  Section  2.1. 

2.4.2  Data  Card  2.  (To  be  supplied,  if  INDOPT  on  Data  Card  1 is  any  non  zero  Integer) 


Corresponding  to 

READ  (5,1010)  INDX1 , INDX2,  INDX3,  INDX4,  INDX5,  IN0X6, 
INDX7,  INDX8,  INDX9,  INDX10,  INDX11 , INDX12 

1010  FORMAT  (1215) 


1 r.  Subroutine  ECMP. 


This  card  (If  supplied  - depending  on  INDOPT)  shall  contain  12  Integers  any 
of  which  if  non  zero  will  Indicate  the  specific  option  exercised  by  the  user. 
These  symbols  INDX  1 to  INDX  12  correspond  to  the  following  12  options  re- 
spectively (for  non  zero  Integer  entries) 


> : 
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INOX  1 : - Variable  Format  for  Inputting  connection  matrices  (ALII,  AL12,  AL21 , AL22) 

and  Input  and  Output  costs  vectors  (C0ST1,  COSTO) 
desired. 

INOX  2 : - Variable  Format  for  Outputting  connection  matrices  (ALII,  AL12,  AL21 , AL22), 

Z Matrix  , 

OIFZ  Matrix  , 

SYSM  Matrix  for  all  frequencies  , 

SENS  Matrix  , 

COF  Matrix  for  each  case, 

OP  Marrlx  for  each  case  desired  . 


INDX  3 : - Option  on  starting  frequency  (SFREQ)  and  step  size  (STEP)  exercised. 

i 

INOX  4 : - Printout  of  Input  data  desired  NZ,  NI,  NO,  NP,  NF,  NVEC,  NFVEC, 

NSEQ,  MAXCAS,  MAX ITER,  SFREQ,  STEP, 

Connection  Matrices  (ALII,  AL12,  AL21 , AL22) 
Input  and  Output  cost  vectors  (COSTI,  COSTO) 


INDX  5 : - Printout  on  Z Matrix  at  all  frequencies  (will  be  NF  matrices). 

INDX  6 : - Printout  on  Computer  System  Transfer  for  SYSM  for  all  frequencies  desired 
(will  be  NF  Matrices). 

INOX  7 : - Printout  on  OIFZ  Matrix  for  all  parameters  (will  be  NF  X NP  matrices)  and 
for  all  frequencies  desired. 

INDX  8 : - Printout  of  Jacobian  SENS  desired. 

INDX  9 : - Printout  of  COF  Matrix  for  each  case  desired. 

INDX  10  : - Printout  of  DP  Matrix  for  each  case  desired. 

INOX  11  : - Printout  of  ODG,  SDG  and  Sturm  Sequence  solution  for  each- assumed  test 
eigenvalue  desired. 

INDX  12  : - Printout  of  count  of  eigenvalues  for  each  test  value  in  Sturm  sequence 
solution  desired. 


***•' 
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2.4.3  Data  Card  3 (To  be  supplied  If  INOX  1 on  Data  Card  2 is  non  zero  integer) 

Corresponding  to 

READ  (5,1020),  (VRF  (I),  I - 1 ,10) 

1020  FORMAT  (10A8) 

In  Subroutine  ECMP 

Reads  Variable  Read  Format  (VRF)  if  option  1 is  exercised. 

Default  value  : - (12F6.0) 

2.4.4  Data  Card  4 (To  be  supplied  If  INOX  2 on  Data  Card  2 Is  non  zero  integer) 

Corresponding  to 

REAO  (5,  1020)  (VWF  (I),  I - 1 ,10) 

1020  FORMAT  (10A8) 

In  Subroutine  ECMP 

Reads  Variable  Write  Format  (VWF)  If  option  2 Is  exercised. 

Default  value  : - (6E20.3) 

2.4.5  Data  Card  5 (To  be  supplied  If  INDX  3 on  Data  Card  1 is  non  zero  integer) 

Corresponding  to 
REAO  (5,1050)  SFREQ , STEP 
1050  FORMAT  (2F6.0) 

in  Subroutine  ECMP 

Reads  Starting  Frequency  (SFREQ),  and  Step  Size  (STEP)  if  option  3 Is 
exercised. 

Default  values:  - SFREQ  * 1.0 
STEP  - 1.0 
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2.4.6  Data  Card(s] 


(Must  be  supplied) 


Corresponding  to 

READ  (5,  VRF)  ((ALII  (I.J),  J - 1,  NZ) , I • 1,  NZ) 

or 

READ  (5,1080)  ((ALII  (I.J),  J - 1,  NZ),  I - 1 , NZ) 

1080  FORMAT  (12F6.0) 

In  Subroutine  ECMP 

Reads  ALII  matrix  depending  on  the  variable  format  If  option  1 is 
exercised. 

Otherwise  In  Format  (12F6.0)  In  case  of  Default. 


2.4.7  Data  Card(s] 


(Must  be  supplied) 


Corresponding  to 

READ  (5,  VRF)  ((AL12,  (I.J),  J - 1,  NI),  I ■ 1,  NZ) 

or 

READ  (5,1080)  ((AL12  (I.J),  J • 1,  NI),  I - 1,  NZ) 

1080  FORMAT  (12F6.0) 

In  Subroutine  ECMP. 

Reads  AL12  matrix  depending  on  the  variable  format  If  option  1 
Is  exercised. 

Otherwise  In  Format  (12F6.0)  In  case  of  Default. 
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2.4.3  Data  Card(s)  8 (Must  be  supplied) 

Corresponding  to 

READ  (5.VRF)  ((AL21  (I,J),  J * 1 , NZ)  ,1*1,  NO) 

or 

REAO  (5,1030)  ( (AL21  (I  ,J) , J - 1 , NZ) , I - 1 , NO) 

1080  FORMAT  (12F6.0) 

in  Subroutine  ECMP. 

Reads  AL21  matrix  depending  on  the  variable  format  if  option  1 is 
exercised. 

Otherwise  in  Format  (12F6.0)  In  case  of  Default.  ' 

2.4.9  Data  Card(s)  9 (Must  be  supplied) 


i 


» 


§ 


Corresponding  to 

READ  (5,  VRF)  ((AL22  (I.J),  J - 1,  NI),  I - 1,  NO) 

or 

READ  (5,  1080)  ((AL22  (I.J),  J - 1,  NI),  I » I,  NO) 

1080  FORMAT  (12F6.0) 

In  subroutine  ECMP. 

Reads  AL22  matrix  depending  on  the  variable  format  If  option  1 is 
exercised. 

Otherwise  in  format  (12F6.0)  in  case  of  Default. 


» 


i 


V 


• ■ ■■ 
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2.4.10  Data  Card(s)  10  (Must  be  supplied) 

Corresponding  to 

READ  (5,  VRF)  (COSTI(I),  I « 1,  NI) 

or 

READ  (5,  1080)  (COSTI(I),  I - 1,  NI) 

1080  FORMAT  (12F6.0) 

in  Subroutine  ECMP. 

Reads  COSTI  Array  depending  on  the  variable  format  if  option  1 is 
exercised 

Otherwise  In  format  (12F6.0)  in  case  of  Default. 

2.4.11  Oata  Card(s)  11  (Must  be  supplied) 

Corresponding  to 

READ  (5,  VRF)  (COSTO(I),  I » 1,  NO) 

or 

READ  (5,  1080)  (COSTO(I),  I * 1 , NO) 

1080  FORMAT  (12F6.0) 

in  subroutine  ECMP 

Reads  COSTO  array  depending  on  the  variable  format  If  option  1 is 
exercised. 

Otherwise  In  format  (12F6.0)  In  case  of  Default. 


O J 
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2.5  List  of  Programs 
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2.5.1  User  Suppl ied 


1 . 

Main  Program 

: Calls  ECMP 

2. 

SUBROUTINE  COMPNT. 

3. 

SUBROUTINE  SENSTVTY. 

2.5.2  Package 

1.  ECMP  : Calls  ADDM , 

COMPNT, 

IDNTM  , 

INVM  , 

NCOMB  , 

NEWCOM  , 

PROOM, 

SENSTVTY  , 

STURM  , 

SUBM  , 

TRAM  , 

' VEC  , 

ZERM  , 

2.  ADDM 

3.  COMPNT 

4.  FACTRIAL 

5.  IDNTM 

6.  INVM 

7.  NCOMB  : Calls  FACTRIAL 

8.  NEWCOM 

9.  PROOM 

10.  SENSTVTY 

11.  STURM  : Uses  FUNCTION  SQRT  from  System  Tape 
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12. 

SUBM 

13. 

TRAM 

14. 

VEC 

15. 

ZERM 

2.6  Control  Cards  and  Deck  Set  Up 

Control  Cards  are  computer  Installation  dependent;  and  therefore,  the 
following  set  provides  an  example  of  what  may  be  necessary.  The  system  control 
cards  for  the  CDC  1604  computer  at  the  Electrical  Engineering  Department  of  the 


Texas  Tech  University  for  any  problem  to  be  solved  by  ECMP  are  shown  in  Figure  1 

{ 2ND  MONITOR  INPUT 

yu  1 K 


"COOP,  (PROGRAM  NAME) , (PROGRAMMERS  NAME) ,S/2S/E^S«50/6-51*60, 5OOOO 
'"BEGIN  JOB  (SEMESTER)  3 


Figure  1.  Deck  Set  Up 
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2.7  Program  Listing 


'/  A i f a - i_  - ! 4 J i ! ■*  ” I ' j < I i i E J 'If  ij  t T P ij  T ^ 

/ A P f ,*  R |_  — | , j [ , * i * j j \ i j ; 1H  e o Or”  Sc  xS  [ T I / I T v 

P i rt  - ' ■ ■’  P i S 

V A R f 4 1 L ” I •)  _ I ” A T I ' ; '-J  ''I'J'lHCK  ')  F cLC  " S 
['j  ThR  S’,iRm  SErijEoCc  7CCT0R 

vfCT'H  ”*■ f S I Z E '•' » x 1 T k r Tu  COnTaIn  U y 4 6 “ if 
; ! Gc  < M1..  j;.i  l E = S r h A N T F S T VALUE  FTP  F A C m 
i ” b 3 A 7 ION 

V a R I A i L p IiOICaTIjG  NIJMhER  0*-'  ELEMENTS  | , Tii 
/=CT33  of  I'WOTC  i M C OUTPUTS  iT  tAC^  fr*E0iENCv 

V A rt  [ A P L ""  I\IJiCAT['Jj  N ijm  P fc  R Of  COmPUNE  0 TS 
V E C T Q p Of  Sl^e  v P TO  CONTAIN  ON  dIaGONaL 

ElE^E^T^  Of  Tip  T h [ jj  | aGGNaL  maTPIX 
wn»K  |M'j  v«aTP[<  "F  a!Zr  N0»nZ 
W 0 R k I V U i a T i [ < Of  3 ; Zz  'P  0 • • a I 
vccTOp  Of  5 1 Z - ',p  T r>  ^OmTaIn  ^UPfcR  UP  SU- 
0 t a 0 0 0 a L ELc  •*  FN  T S OF  Tip  Tw  I j I aGCjN  aI  maTRIX 
a p P a v Of  SIZE  V f • N V E C * iM P T J C 0 N T a I N 
jACOd r A“  ^ATP  t X 

VECt,)P  Of  SIZE  NSFii  T Q CONTAIN  S TiiPs-  ScOUFmCE 

SOLUTION  fON  A 3 a P T I CUL  A R ITERATION 

COMPOS  I T6  SYSTE*  TRANSFER  FUNCTION 

MAT3  I x Of  SIZE  N CJ  • N I 

WORKING  MATRIX  Of  SIZE  N(J  * N I 

MATRIX  Of  SIZE  NP*nFvEC  TO  CONTAIN 

TRANSPOSED  COEFFICIENTS 

VECTOR  Of  SIZE  MAXlTfcR  TO  CONTAIN  TEST 
E I GEnVALUE 

VARIABLE  Of  SIZE  1U  TO  contain  variable 
REaD  "Q»max 

variable  Of  SIZE  1 U TO  CONTAIN  VARIarlE 
*R  I 7E  f ORm a T 

WORKING  MATRIX  Of  SIZE  NZ*nI 
IDENTITv  «aTP I x Of  SIZE  NZ.NZ 
COMPONENT  maTRIV  Of  SIZE  NZ-NZ 


i E •“  A i k s 

This  package  rewires  one  user  supplied  "am  calling 

3wDqRam  4No  T«o  USPR  SUP3lI=D  SURpOuTlNfcS  ^ 0 M P N T A'i[) 
Sc'iST,/T  i IN  aJOIMON  to  >JPT  0 n OaTa  Ca«OS'(OR  l/aTa 
OaRD  SE  r S ) uF35  NO  I NG  UPON  TnE  OPTIONS  EXERCISED  aNO 
t h E SIZE  Of  CIPCI'IT  OR  SYSTEM  for  ANALYSIS. 

IT  IS  STRONGLY  U°GEO  TuaT  Th£  USER  ShOULD  STUijy 
FCLLDwlNfi  REFcP6n  CE  CajE"ULlY  weFORE  ATTEMPTING 
To  usc  THIS  ° aC* aGE  FC°  analysis. 

Ec xp  - a software  package  how  computation  of 

mEaSURaPIlItY  ANO  COST  TO  aID  TESTPOInT  SELECTION 
d y N.  SEN  ANO  R.  «aEKS  , DEPT  Of  ElEC  EnGR, 
TEXAS  TECH  UNI'/EhSITv,  LUHdOCK . Tx  7<J4u9 

s i - j o u t i n e s and  function  subprograms  required 

A J JM  , COMP  NT  , I 0 mTm  , I N V M * N C 0 M R .NEwCOm.PRQOm, 

se  xStvty, s ruRM, Supm. t = am, vsc, zepm 


“ J 'A 

*»  ’ 

Z ^ 

S i . 

Zr  i ^ 

1 1 i 

- C ~ 

0 4 

:u  ^ 

- 

r C H 

z r v J 

47 

? 2 %4  p 

6-.j 

zr  hw 

4 ->  J 

Z ' -A  -J 

7 0 X 

z r '*  h 

7 1 j 

- ' R»-» 

72  - 

? C M ^ 

7 7 

zC'r 

/ *-  'j 

EOP 

750 

— r*  r- 

74  j 

EC^P 

7 7 0 

ecmp 

7 i 0 

EL’mP 

7^0 

EC^R 

o n o 

EC  mP 

blO 

ECMP 

b 2 J 

ECmP 

fa  3 0 

ECmu 

ecn 

EC^p 

6 i 

E c M p 

bbO 

ECmp 

6 7 0 

E C m p 

= 3n 

Ec  “p 

b'rO 

ECMP 

,00 

ECMP 

V ' 

ECmp 

>7  J 

E C m P 

930 

:.-«r 

, 4 i j 

pc-”3 

9 6 0 

e:vp 

■»o0 

Ec^p 

9'  . 

ECmp 

9 = 0 

Ec  mp 

9 90 

5 C M p 1 u Tmj 

ECmpi.u  1 ) 

ECmp  1 

'j  2 

ECmp  i y ^ ) 

ECMP1 J4o 

EC'^p  i 

J b u 

E C v P 1 u p 0 

c r vi  p * 

ij  7 0 

EC^P  1 

J = 

E C v p 1 

0 9 .J 

E C m p 1 

mo 

EC-Pl 

11  j 

“*'l 

EC-'Pl  12  j { 


o 


**e  • 


*c 


•c 


» 


•: 


w 


"j’i'c  EC-<3  < A . ii.i:  , al!2  • *<-21  . al22  . a . C . CCOF  , C(jF  . col  , 

- ■ ' I !."C$T0,U,jIF7,ijP»E.F  , r:  , , I Il-OM  r , |_C  JM  I , L('Or,0  . It  A X C 4 5 # M A < I T£-  , 

^ , . r ' ■ 'w , ”1 1 , ' 0 , 1 '*Sr‘i » ( 

*•  •*  j 1 $ c 3 . s r j » i y 5 M t f 9 * c z u y , v a l t 'i « ~ $ N/  * r # .*  # * 1 # ^ > 


•5  1 --UOT  I M6  ECMP  THIS  page  IS  BE—  ■ “ 

ypOM  COP*  ^ 

A !H  -* (j  St 

spnGWftM  cCMP  ( U CIRCUIT  mEaSURabILITy 
PACKAGE)  CALCULATES  T^E  mEaSURE  UElTa  aNO  The  COST 
U V 0 L V P J FOR  e aCw*  °USSIbLE  COMBINATION  CF  T«E 
riPC"I  T Oh  S^ST  = m I -4  P U T 5 A'.;U  UUTPUTS 


"ALL  EC^P  ( A,  mL  11,  al  12.  AL2l»  ALiiii,  Si  C.UCOF.COF  .COL 
COFTf  ,C  JSTO,P,,OIFZ,uF.P,F,G,h,  [ NUOP  f . LOOM  J , LCO -O  , H 4 XC  aS  , 
waX  I T£R  , vF  , nFVEC  . N I , NO.  n = , 'ISEQ,  NUMR  , NVFC  ,NZ,  ODG, 

R.M,  sn  j.  SENS  , SEN,  SYS*.  r , TcCOF  . VAL,  vpf,  VWF  , «,  X I , Z ) 


J -V>  I P T I 0.-N4 

A 

ALtl 
AL12 
A L?  1 

al52 

d 

C 

ccof 

CPF 
COL 
c ns  t i 
cnsTcj 
D 

0 1 F l 


np 


F 

G 

H 

f noopt 


lcom  [ 

lcomo 

m A X C A S 
1AX I TER 

nF 
n F >/  P C 

'•I 


C F 3aba''  STEPS 

s wOPkjnG  MATRIX  OF  SIZE  NZ*N7 
: FEbCrjAC'iN  MaTrIx  Lll  QF  SIZE  NZ*NZ 
s POST  COMPENSATOR  maTPJX  L12  OF  SIZE  NZ*N( 
s PPE  COMPENSATOR  maTMIx  l21  OF  SIZE  N U • N Z 
= FEEO  FJRwARO  maTPIx  L22  OF  SIZE  NO*N[ 
s wORKfvG  MATRIX  OF  SIZE  NZ»,NZ 
S V4n«<  I mg  matrix  OF  SIZE  NZ*'MZ 
= COEFFICIENT  matrix  OF  SIZE  NFvEC*NP 
s COEFFICIENT  ARRAY  of  SIZE  nF,,\jvEC  * NP 
s COLUMN  '/ EOT  On  OF  SIZE  NVEC 
s VECTOR  HF  S I Zc  'll  TO  CONTAIN  INPUT  COSTS 
- V E C r 0 E OF  SIZE  vO  TO  cONTaIN  OUTPUT  COSTS 
s WORKING  MATRIX  OF  SIZE  NZ*N7 

s SINGLE  PAMAMfcTc3  SENSITIVE  COMPONENT  mATsix 

OF  SIZE  N Z * N Z 

s SYMMETRIC  POSITIVE  SfeMlDEFlNITE  M A T » I X OF 
SIZE  NP.NP 

s WORKING  MATRIX  OF  SUE  NZ*NZ 
s wORkInG  matrix  OF  SIZE  NZ»mZ 
s WORKING  MATRIX  OF  SIZE  N Z * N Z 
s WORKING  MATRIX  OF  SIZE  NZ*nZ 
s VARIABLE  IF  NON  ZERO  INTEGER  INDICaTeS  some 
OPTION  ExErCISEl  R y ThE  OSER 
2 VECTOR  OF  SIZE  maxCA3  TO  CONTAIN 
INPUT  COMBINATIONS 
s VECTOR  OF  SIZE  maxCaS  TO  CONTAIN 
0 U T P J T CQMij  I X.A  r ! ONS 

s VaRIaRLE  I VO  I C A T I MG  MAXIMUM  NUMBER  OF  CASES 
s VARIABLE  INDICATING  maximum  NUMetR  OF 
STURm  SEQUENCE  ITERATIONS  TO  bE  PERFqhmEu 
s VARIABLE  I N 01 C a r I n G NUMBER  OF  FRfcOuENClES 
s var!arlc  Indicating  numqep  OF  E l t M t n t s In  tre 
'/  E C T J R °F  INP'.TC  and  OUTPUTS  AT  all  FREQUENCIES 

s v a e J a ■«  g e indicating  number  of  inputs 


- C R 

i J 

Z,  .'*  * * 

s . 

r - 'R 

< , . 

; J * r 

-•j 

S U M B 

■5  j 

EC^P 

p ■) 

EC  mp 

7 J 

E C '•*  R 

ft  J 

EC  “r 

•«  *J 

EC  mp 

1 lU 

E C v R 

110 

Cr'M  J 
— ' 

12  0 

EC^p 

1 JO 

S 'J  m R 

1 AO 

Z \4  □ 

iso 

ECmp 

1 ft  J 

ECmp 

1 7 0 

EC  *m 

ISO 

=C-P 

lRu 

EC'^P 

20  0 

ECMf- 

21  u 

SG  mp 

<;  2 'j 

p.'up 

230 

ECmr 

2 4 ij 

EC  MP 

2ft0 

EC  vE 

2 ft  u 

ECMP 

2 7,3 

EC4*3 

2 B 0 

EC  mP 

2BJ 

EC  mp 

JOG 

ECmP 

31 J 

E C m p 

3?G 

ECMR 

33  J 

EC-R 

3 a 0 

C G M 3 

3 5 J 

ECMR 

3 ft  0 

ECmp 

i 7 j 

3 r ■>  R 

3ft  0 

E JmR 

J 90 

EC  mh 

4 ij  J 

ECV-P 

A 1 j 

EC  VR 

420 

ECm^ 

A 3 0 

E C mR 

4 A ij 

ECmp 

“50 

EC^b 

4 ft  ,j 

P C M P 

4 70 

EC^p 

4-j 

EC'-R 

4Utj 

EC  vR 

50  j 

cr.i. 

- W 

510 

» J vi  £ 

ft  2 0 

ft  30 

EQmp 

340 

t»  C M P 

5ft  0 

E C v - 

5 ft  0 

- r ' > 

" p ) ( 

30S r I ( I ) , i si . ; I ) 

ECMPlb v 

+ - i 

( 0 , V i*  F ) ( 

:nSTO(  I ) . is!,-; Cj  ) 

EC  1H17T 

"•  > r 

EC*P1 71 

1 > 1 ■-,(  r 

- ( e . l(l  7n  ) 

EC  VI  77 

<r  * tZ 

• ; 1 0 

ecmpi r 

" T 

S l.U 

5 CM  PI , <♦ 
ECMPl 75 

w 

- -1Tb  l V r E 

yMAL  FORMAT  IF  OPTin.vj  ,^o  T fcXeRCISFj 

EC'-'Pl  7o 
z C M U 1 7 7 

1 J ■*  t ' J 

( 3 , 1 u fi  IJ  ) 

( t A|_i!  < I , J)  , jsl  ,:i7  ) , I sl,,M i) 

E C M ® 1 7 5 

-hi  j 

{ 5, 1 UbJ  ) 

( t ali2< i , j) , jsi , < r > , i si , hz  ) 

FCMPi.  7/ 

\.5 

( *> , 1 f'ftl)  ) 

( ( A|_21  ( l,J),J*t..«Z).  lal.NO) 

ECMPlrfO 

-*  C 1 J 

c •?  # 1 1 J « U ) 

( (AL2?(  I . J)  , JS1.MI  ) , 1*1,  40) 

ECM^ioi 

( o , t J 8 U ) 

< cos t r ( r ). i*i, ) 

EC«Pi3? 

* ^ a j 

( 5 , 1 >j H i)  ) 

( COS  TO ( I ) , Isl.O) 

p C M P 1 3 .3 
5 C M P 1 34 

I: 


P-l.T  ImPUT  jaTa  In  aPPMijPw  [ a TE  FORmaT  I F OPTlON(S)  EXE^ClStO 


EC’mp!  bo 

14  0 

IP  ( U-'ijPT.  Mt.nj  150,190 

EC‘4D1  5 7 

1 "3  j 

IF  ( f OX4.N6.0) 

160 ,190 

ECPPlSb 

1 o 0 

- - 1 r r ( 6 , 1 0 V 0 ) 

EC  MP 1 3 9 

* w f T 3 ( o , 1 1 0 0 ) 

MZ 

E C m P 1 9 0 

p I ’ - ( o . 1 1 1 0 ) 

MI 

ECMPl'j. 

-RITE  (6,1120) 

»jQ 

ECMP192 

(o.H3n) 

MP 

ECMP193 

ip  I r E (o,1140) 

MF 

ECMP194 

« t ! T c (6,1150) 

NVEC 

E C m p 1 V 5 

i p i r = (o,H60) 

MF'/EC 

ECMP196 

«*tr=  (O.H70) 

MSEC 

E C M P 1 ’'I . 

• * I T E ( o . 1 1 6 n ) 

«AXCAS 

ECMP19M 

■■  * 1 f = (o.llyO) 

MAXI T£R 

EC**Pl  y 9 

(-!TS  (3.1200) 

S F 9 £ Q 

SCMP2U0 

ji-  r te  ( 6 , 1210  ) 

STEP 

ECMP201 

EC‘4p2u2 

I?  (I ! 1 *1  x 2 . Ne  . a ) 

170,130 

ECMP?r|,. 

1 71 

*-!r=  (0,1220) 

EC^PZO  4 

■> « i r E ( o # v <•  f ) 

< ( AL11(  I » 

J) » J * 1 , M Z ) . 1*1, MZ) 

ECmp?U5 

-wire  ( 1230  j 

EC^PiuO 

* p i r « ( o , v w f ) 

( ( AL12( I , 

J) , J a 1 ,MI  ),  I * 1 , M 7 ) 

EC^PPU  7 

«-  ! T=  (6.1240) 

EC^pPliH 

- - ! T r ( o , 7 W F ) 

( ( Al21  ( I , 

J)  , J*l, *Z) . I si, 40) 

ECmp?^ 

- * ? • = (0,1250  ) 

ECMP?io 

"PITE  ( o . V ’*  F ) 

( ( AL22(  I , 

J)  , J * 1 , 4l  ) , 1=1,iM0) 

SCMP2H 

ji  I f " (6,1260  ) 

E C m p p 1 2 

*>P  I T ? ( o , VwF  ) 

( COST  I ( [ ) 

, I a 1 , M I ) 

ECMP213 

..*»  [ r?  (6,12/Oj 

EC,4p21  4 

■'  * f r - ( o , v w f ) 

'SO  T-  lyO 

1 T E (6,1220) 

( COST0 ( I ) 

’ 1 " OTIS  PAGE  IS  BEST  QUALIT*/  FRACI1CA3M 

OOPX  XO  JJC  — * 

E C m h 2 

6 C M P 2 1 o 
ECmp? 1 7 ' 

1 a fj 

ECMP213 

- e ( I E (5,1230) 

( ( ALH(  I 

. J)  , Jal.MZ) , I a 1 , M Z ) 

ECMP219. 

.k!I?  (o,  1230  ) 

E C m F 2 2 a 

*4l  TE  (o. 1230 ) 

< ( AL 12 ( I 

, J) , Jsl ,MI ) , Ial,NZ) 

ECmh2Pa 

«■»!'*  (o,l240) 

EC  mw  2 ? 2 

-~  ! 'E  (6,1230) 

( ( AL21(  I 

, J) . Jal.MZ) , I al,MQ) 

5CMP223 

■.-Ur  (0,1230) 

E C >4  h 2 2 a 

• E 


f-  N.  r 


_ 


J C J M 0 F 'ili-i  R P • . 1 1 I ■*  E S F 4 C T R I A L 
3 T jniM  F 1 1 R T -•  R R 1 1 J R 9 SiJH  r 


A NH 


TT£'| 

JUiliSf 


1 y7/ 


’■  I i j\  A ( g?  , ) , AL11  ( \|7,  NZ  ) , AU  <!  < w , N 1 ) , AL21  ( .'JO,  NZ  > . 

-ai.2  - ( 'J,  '■  l ) , R ( ‘IZ  . N?  ) , C<  MZ.  'lZ>  . CC'JF  ( NF  vEC.  MP  ) . COF  ( NF  , NVEC  . JP  ) » 

-OC  . ( '"iLC  ) .COST  I ( \I  ) , CUSTO<  VO)  , 0(  'JZ,  47  ) ,UIFZ(M7.w7  ) . l)F(  MP , NP ) , 

, \ 7 ) ,F  ( N7  , *IZ  ) , G<  'JZ  , *7  > . h<  J7,  '•?  ) fLCOMl  ( MAXCAS  > . LCOMO<  maxCAS  > » 

-'•u  \>  O-  u ! TE-O  , 301* < MP  > ,)»(  Ml,  N7  ) , »<  MiJ.  ,\|  l > » S0(J(  MP  ) , SFN5(  MF  , NV6C.  '■** ) 

tR  , ) , S YS*(  JO  , m [ ) , T ( *«o  , si  I ) , fCCO^l  .MP.MFVtC).VAL(^AXirFP). 

- v * r ( 1 <j  > . ■/  wF  ( 1 (J  ) , 'i  ( V Z . M I ) . X I ( n Z . w / > . t.  ( J Z » N Z ) 

:-cr*  iF  a m v npriONtSl  p<E-CISE0  bY  JScR 

< - ! i*  ( o , i o o n j 

! ► (I  '03T.M»-.0)  10.120 

! J b 0,1010)  I 4 n x 1 , In  0 X ? , I J 0 X 3 , I M 0 X * , ! MUXS.  I N D x 6 , I N D x 7 , 

- f I 4*:  <9,  I Nil  <10  , l *'0*11. . I 10  a 12 

(.■‘t'jA  |F  WAft  [ AdLE  K ? A 0 F'JPmaT  DfcSlPFQ 

! F C I :a1  .*6.0)  2 0 , 3 n 

RfcAu  (=7,11)20)  ( VRF(  J)  , Isl.to  ) 

~.<j  r n « o 

.*  t r r ( 0,1030  ) 

C J fi  C * IF  Variable  VJRITE  FORMAT  DESIRED 

I V ( I J0x2.M6.fl)  50,00 
= ba,:  (0, 1020  ) ( VwF(  I ) , 1*1,13) 

'll)  r-)  7 0 

VR  I ( = (6,1040) 

ij-ECK  IF  DIF--PKEMT  STaRT  FrEUUPNCY  A wP  S r = p S I Zfc  D6SI°60 


20 

30 


40 
3 0 

oo 


n 

f F ( f 

n H 

R E A J 

«r,  ro 

y u 

-R  I TE 

EF  Rel 

1.0 
CT=R  a 1.0 


t ni’\i  1TK 

S3KSSS  


1 ij  o 


hEaD  DOMmECTIOM  MATRICES  and  ensr  IMFORMaTION 
IF  ( I l.ixl  .*6.0  ) 110,130 

J I T - V a h I A y L 5 RSaD  rUPMAT  IF  OPTION  EXERCISED 


r 


i 


in  3-su  ( 5 , V h F ) ( ( ALIK  I , J)  , J*l,  MZ)  , 1*1, MZ) 
a . (*,/»•  F ) ( ( A L 1 2 ( l » J ) » J * l » '•  l ) » I a 1 , M Z ) 
iiu  (^,7kF)  ( ( al21(  I , j? , J*l.  iZ) , 1*1, NO) 

->J  i%vf  F)  ( < al22<  I , J)  , 1*1 . 'I  l ) , I *1 , NU) 


fC^ll  5 

E C M P 1 1 4 
Eti'ARl  lb 

5 L"4  P 1 1 6 
ECMi-117 
EC4F>1  lb 

• EC  mp 1 1 > 
rCMPI  20 
EC  MR) 21 

6 C M R 1 2 2 
SCMP123 
E c M P 1 £.* 

, EC^Pl  2b 
ECMH1 it 

E C 4 P 1.  2 7 
EC  mp 1 2 o 
ECmr l 2v 
ECmp 1 3 0 
ECMR131 
ECMP132 
eCMPUJ. 
EC  MP 1 J 4 I 
ECMP135. 
ECMP  l ja 
ECMPj 3 7 
ECMP1  phi 
ECmPI  3R< 
ECMR 1 4 0 i 

E C MR 1 4 1 I 
ECMPI  421 
ECmr  1 4 3i 
E C M R 1 4 4 i 

ECMPl4bi 
EC  mr  1 4 >,  i 

ECMR]  471 
E C M P 1 4 n i 
c C '*  R 1 4 9 1 
ECMRl  ?(Ji 
EC  mr 1 5 1 1 
ECmrIs?' 
ECMR153- 
EC  MR  1 3 4 I 
EC  MR  1 5 3 1 
ECmPI  3^, 
EC  MP 1 5 7 1 
ECMPI  331 
ECMPI  391 
ECMP1&0; 
ECMPI 61 . 
EC  mp i a 2 1 
ECMPta.3- 

R C m r 1 a 4 F 
ECMPI 63^ 
ECMPlfta^ 
EC MR  16  7 
E C MR  1 63 


t>o 


ji.t-MjTtrin*  3P  th;  jhCO^Iaw  -«  a r i x 


=CMP?Sl J 
i C v p 2 8 2 0 


33  0 

“ « . L p-'uOh  ( A L 1 T » '1 7 • 4 7 , fi , N Z » N 7 # 5 » N Z . N Z ) 

ECv,P2b30 

"AuL  ADD'*  ( = . J7.NZ.  < I 1,  N7.F.NZ.NZ) 

5CMP?34U 

'a.L  -HOUM  <C.  47, NZ.JIF7,  vi2,N7,G, NX, NZ) 

5 C * p 2 8 5 

C A i_  i_  P p 0 0 m ( G , >i  Z , n Z , F , 7 , N Z * « , 4 7 , 'J  Z ) 

=CMH?b5f 

Call  PP'JOM  ( al21,NO,nZ,u,NZ*N7,p,NO,NZ) 

5CMP2S70 

CAUL  PRODM  (P,  40, NZ,  ALl2,NZ.'4t  , R.NO.Nt) 

ECHPPboiJ 

CA.L  vtC  ( R, 40 , N l , COL. NVEC ) 

5 C m M 2 - 9 0 

ECMP290  (J 

DO  3 6 0 J S s 1 , N 0 F C 

5 C h p 2 9 1 l‘ 

sens  ( is. js,*s)  s ool  ( js) 

EC'4PP92I 

330 

•con  r i N u E 

EC*p?93G 

5CHP294Q 

<S  = *S  * 1 

5 C m P ? 9 5 0 

IF  (<S.LS.NP)  330,370 

cC,‘*P295U 

370 

5 3 S . STFP 

ECNP297.' 

15  s IS  * t 

ECMP29Fl 

IF  (IS.LE.MF)  200,380 

ECMP299U 

** 

ECMP  3 0 0 u 

OPTIONAL  PRImTOuT  OF  THE  JaC03 I AN  MATRIX 

ECMP3UIU 

ECMP3U20 

3o0 

IF  ( I N 0 0 o T . N F . 0 ) 390.430 

ECMPJ03C 

3 y 0 

IF  (INDX8.M6.0)  400,430 

ECHP3041 

43  0 

-h!T=  (3,1320) 

ECHP3050 

IF  ( 1:40X2.  N6.0)  410,420 

ECHP306 0 

410  HrilTE  (o.VwF)  ( < (S6NS< I , J.K) .Kal.NP) , J*1,NV6C> # l*l.NF> 

10  TO  430 

420  -HITS  (5,1230)  (((  SE'fSf  I , J,K)  ,K*1,NP)  ,Jal,MV£C)  * Isl  .NF  ) 

430  MC 435  = 1 

3cL=CT  THP  NJMbSR  OF  INPUTS  TO  HE  CONSIDERED 
OU  a TO  l s 1 , N I 

I '» I r I A L I ZF  I'JPUT  COMBINATION  aRBav  TO  TOTaL  NUM0gR  OF  INPUTS 

nQ  4 4.3  U = 1,1 

.COM  I (11)  s NI 
CONTI  JUE 

FIND  *aXImUM  NU  mq£R  OF  cOMa[NATlONS  POSSIBLE  FOR  SfcLEcTED 
N 'J  M R E R OF  INPUTS 

Call  NcOmh  (NC-».I,NI) 

SET  OnS  SUCH  COhSINaTIOn  OF  INPUTS  aT  a T I ME 

THIS  PAGE  IS  EE3T  QUALITY  FRACHCABB| 


4 L ’) 


00  blJ  J » 1 , NCR 

CalL  4S-C0M  (LCOMT , I , m I ) 


JftOitl  COPY  tfURNIolnUJ  XU  ULC 


35l5CT  ThF  nijphER  OF  nyTPUrs  TO  86  CONSIDERED 
0 a 1 j a s 1 , NO 

i ( I r i 4 L I Z 5 HjTP'JT  COMPINAION  4«RAY  TO  TOTAL  NUMHEW  OF  q.jtbuts 


ECMP307U 

5CMP3080 

SCMP309X 

ECMP3101 

ECMP3110 

ECHP3120 

ECHP3130 

ECM°3l40 

ECMP315X 

5 C M P 3 1 6 u 
EC«P31 70 
5CMP3160 
£CMP  3 1 9 0 
EC'*P320i) 

5 CMP  J21£ 

6 C M p 3 2 2 U 
ECMP3230 

SCMP324(j 
5CMP  325U 
ECMP32O0 
5CMP327J 
5CMP  32b0 
5CMP3290 
5CMP3300 
5CMP33li) 
EC  4P  3320  * 
iC-RSoO® 
5C hp  33 4Q 
EC'-P  J35  J 
ECPP3353 


m 


• • t TE 

(0,1290) 

( < A l ? 2 ( I . J ) . Js t , V I ) , I si, NO) 

cC^H 7250 

• - ! r a 

( 0 , 1 i.  0 0 ) 

r C n P 2 e.  0 0 

■ - 1 T- 

( 6 . 1 7 8 n ) 

( COST I ( I), I Si  ,\l) 

ECMP2270 

..Ut: 

(6.1 7 7°  ) 

5CMP228Q 

T 1- 

( 0 . 1280  ) 

<Cr)STU(  1 ' . I s 1 , V >3  ) 

SCMP2290 

• 2 8 0 

30  3 

r 


is  = i 
? = 

' S s 1 

CALL  ZsRm(Z,mZ»  v»Z  ) 

"ALL  COmPmT  (NZ.S,Z) 

u°tiomal  printout  or  tme  component  matrix  z 

IF  (I  'M'lQST.  nE  . 0 ) 210 , 250 
? P (I  .m0x5  . ME . 0 ) 220 , 250 
'->!(  = (6,1290)  5 
IF  ( fMf)x2.  VE.O)  230,240 

f r?  . < o,  vwF  ) ( ( Z(  I . J)  . JS1.N2)  * IslfNZ) 

"•■j  n 6-5  0 

-<^ir=  <6,i2dO)  ( (Z<  I . J) » Jsi.'JZ) . Isi.nzj 

c n m a u r A r i n n of  The  composite  system  transfer  function 

Call  HPO0M  CZ,NZ,NZ, 4L11, NZ.NZ, A, N7.N2)  ' 

CALL  IJNTM  (XI.MZ*NZ) 

CALL  SJtjM  (XT  , N Z . N Z » A,  N Z > MZ»’5»*lZ»NZ) 

C A i_l  I N V m (B,NZ,NZ,C.NZ»NZ) 

CALL  E’UDm  (C,NZ.NZ,Z,NZ»NZ,0, yZ,N7) 

CALL  »*3unn  (D,NZ,NZ, AL12.N7.NI ,^,N7,NI ) 

Ca.l  R^UT'M  ( AL2i,N0, ''Z,w,N7,  NI  , T. NO, NI  ) 

CAuL  AOum  ( AL22.N0.N  I , T, VO. N I , STEM, NO. VI ) 

optional  printout  of  the  composite  system  transfcr  function 

IF  ( I nOOOT .NP.O ) 260,300 
IF  (InOxa.nE.O)  270,300 
•<  E t T E ( o , 1 3 0 0 ) 5 
IF  < 1*0x2.. ME. 0)  280,290 

rfrtirs  (e.vwF)  ( ( S Y S m ( I , J ) , J = 1 . N I ) , I * 1 , nO ) 
r,u  TO  30  0 

^HlT=  (8,1280  ) ( (SYSM(  I , J)  , J*l,  Nl  ) , I *l,.MO) 

Call  Z5Rv  (0IFZ.MZ.NZ) 

CALL  SENS  TV TY  ( D I FZ , *$ , NZ . S ) 

ijPTIUNAL  PRINTOUT  OF  Thg  Q [ F Z MATRIX 


IF  ( INOUPT.N6.0  ) 310.350 

essssz 

IF  ( [ N *)  X 2 , ME  .0  ) 330 ,340 

f " I T E (O.vwF)  (( DTF7(  I , J)  ,jsl , NZ ),  I si , NZ  ) 
j TO  350 

«P!TE  (0,1280  ) ( ( 0IF7(  I ,.J)  , J*1,N7)  , 1*1,  *7.) 


THIS  PAQ£  IS  BEST  QUALITY  PRACXIfiAflM 

mon  (JOIX  FUUHISIlD  XO  DDO 


SLMP7300 

5CMH23HJ 

5CMP232U 

ECMP2330 

ECMP234J 
ECMH2350 
ECMP2 3o0 
ECMP23  70 
ECMH238 J 
ECMP2390 
Ecmp  2 4 n u 

E C M h 2 4 1 ;) 
5CMH2420 
SCMP7430 

ECMP244Q 

ECMP2450 
SCMP246Q 
ECMP2470 
5CMP248U 
5CMP2490 
ECMP2500 
ECMP2510 
ECMP?a?0 
ECMP2530 
ECMP254U 
ECMP2550 
ECMP2680 
5CMP2570 
ECMP238U 
ECMP259Q 
ECMPPaOO 
6CMP2&1 0 
ECmp?62(J 
ECmh2630 

ECMP2840 
ECMP?  650 
ECMP2860 
ECMP2670 
ECMP2O80 
ECMP269U 
ECMP27HIJ 
ECMP271 J 
ECmp2  72  0 
ECMP2710 

ECMP2740 

EC^pP  7 5v 
ECMP2780 
ECmm2  77  0 
ECmp?7«o 
Elmp2  79g 
E C M P 7 a <1 0 


p 


5CMK337U 

*'  j “ ? u -il  s 1 , K 

=CmP3joO 

.C0 10  (Kl)  = 00 

ECMP33M0 

<i  ->n 

CJ  iri.4i.'e 

ECMP340U 

ECmp 3 4 ) . 

z 

-■1410  maximum  *'UyBEH  JF  CJMH I MA  r IONS  POSSIBLE 

F(jw  SELECTED 

rC’iPOA^U 

*• 

4j.l-*feP  OF  OUTPUTS 

ECMP343U 

«# 

SC  y P 3 4 4 0 

Ja.L  NCO^a  (KCR.K.NO) 

= Cy>-345u 

ECmp34oO 

* 

Gef  0-1=  SUCH  COMBINATION  OF  OUTPUTS  AT  A T I M f= 

E C m P 3 4 7 r. 

*• 

ECHP3480 

’'•J  alt]  L s l.KCR 

ECMP3490 

CaLu  1 = w C U M ( LCOmO , k , NO ) 

ECMP3500 

EC  '•PS S 10 

i : I T I a L l Z c COF  ARRAY  TO  7 = RJ 

ECMP3520 

* 

ECMP35  • . 

L’O  4aJ  IZ  = 1 . N" 

ECMP3S4Q 

I'J  hAu  jZ  = l.NVEC 

ECMP3550 

r’  J •‘H'j  Aj  = 1 , N 3 

ECHP3560 

CO*”  ( IZ.  JZ,*Z)  s Q.O 

ECMP337Q 

4 0 0 

C J IT  I-iufc 

ECMP3560 

w 

ECMP3 5° 

INITIALIZE  CCOF  MATRIX  TO  Z = RO 

ECyP  3 60  0 

ECMP3610 

00  <*70  I?  = l.N-VEC 

ECMP3620 

OJ  4 7 j jZ  = 1 » M 3 

ECyP3b30 

CC*>F  ( U.J7)  = O.U 

ECMP3640 

170 

CONTINUE 

E C m P 1 6 ‘ i 

** 

ECMP366U 

w 

**  iH  S = lFCTEO  COMBI  MAT  ION  OF  ImPijTS  A 40  OUTPUTS  FTJRm 

ECMP3670 

V 

T -*6  COF  ARRAY  From  OVERALL  JACOHIAN 

SC'iP3fc8lJ 

E C y P 3 6 SUJ 

00  4 i 0 I A = 1 • N • 

EC  MP  3 7 0 0 

n>j  4 A'J  JA  = 1,1 

£CyP371 j 

OJ  4 A y * A s 1 , K 

EC1P3720 

no  4-tu  l 4 = 1 , N 3 

ECMP3730 

J 4 A s JA  * K A 

ECyP3  74ij 

JF  s LOOM  I (JA) 

ECmp375‘J 

<«■'  S lCJ-O  <RA) 

ECMP376J 

Jk  = = (jF-1)  * vO  ♦ KF 

E C m P 3 7 > . j 

CJr  (1A.JKA.LA)  s SENS  (IA.JKF.LA) 

SCMP378U 

4O0 

CO  '•  T I '•tile 

SCMP379Q 

* 

SCMP3B00 

3 

COMPUTE  COST  FOR  TmF  StLECT=J  COMBINATION  OF 

Inputs  and  oijtputsecmp381Q 

m 

W 

ECMP3b2il 

OCOJT  =0.0 

ECMP3a;vu 

DO  490  JA  = 1,1 

ECMP364J 

JF  = L C j M I (JA) 

ECMP38SG 

CC  0 a T = CCOST  * COSTI  ( JF ) 

5CyP3e60 

4y  0 

CO  1 T I jje 

=CyP3870  , 

«* 

S c y p 3 a a jJ 

0 j a 0 0 ka  s 1 , K 

ECyP3b9ij 

< F = L C U m 0 <*A) 

ECmp  3900 

CCOST  = CCOST  * COSTO  <KF) 

ECMP391 J 

j • 

■jJJ 

CO'1  r i « )C 

ECyP3920 

r vv  , 

<9 

r-<T^ 

s&5 

- . : 

1 ^ 

i ' ' E A T T ’H  R E E U I MFn SIGNAL  C'F  A 3 H A / INTO  CCOF  .-1  A F N J ;< 


I «.  = >i  / c Z 

i : = l 


i = i 

» i = i ■ 


">  J ■}'  J JM  = VI  , M? 

■ j ’3  ^ * c s i , m 3 

JC  = j - - V 

ccf  (J'I.ao  s :hf  <ic.jc,*c) 

f • j t r i -u  e 


n;  = i : * 1 

I s * I * 

'.1  = -.1  * M 

'2  = <i2  » IK 

If  ( IO.Ls.NF)  5 10. 53 1) 


u 3 r ! 0 M a L PRINTOUT  OF  T-,5  COEFFICIENT  MATRIX  CCOF 


IF  (I  •ti-Qsr  . ME  . 0 ) 540 . 58  J 
IF  (!• <1*1X9.  Nti.O)  55  0,58  0 
* * I T ? (0,1330  ) xCASE 
If  ( t .>i  0 X 2 . ME  . 0 ) 560 , 570 

/.FIT?  (o.VinF)  ( <CCOF(  14.  JW)  . JXal.'JP)  , IW*1,,NFVEC) 

r-j  n 5o0 

-Plr  = (0,1280  ) ((Ct:OF(  In,  JM),J4«lf  NP),  I#l*l,.NFVfiC) 


O'WJTE  SYMMETRIC  P 0 5 i T I 7 E Sc*  I DEF  l N l T£  MATRIX  DP 


CA.L  r 3 A m (CCOF,'jF'/ec.‘|P,  TCC0F,  7P,NFvEC> 

:;-.L  MROOM  ( TccOF  . NP  , MF'(6c , CCOF  . NFV6C  . NP . DP  . NP  . NP  ) 


j 3 r I 0 M a L °RImTOUT  Of  The  iJP  MaTRIX 


jOMsLTe  lIPL^A  0 Y STJR«  S£OiJE  7C&  SOLUTION 


Tall  stjrm  < d3 . I cT , I njopt , i *dx ii , l ndx12 , m ax i ter , ncasE , 

• 3 # i 5 e *! , M ij  M b » Q U 3 * S 0 Q , 3 r J , 7 A L * 7 A c J E ) 


33t<'r1ijT  nr  TMg  RESJL’s  ACCOMMODATING  changes  required 

J''E  TO  OPTIONAL  PRInTmuTE,  IF  a JT 


If  ( ' c'u3 T , mF  . 0 ) o 4 U , 66 0 

> ! i l • D * 9 . N F . 0 ) .OR.  < I NJX10  . 7E.  J ) .OR.  ( MOXll.NF.  0 ) .OR  . 


5CMH3930 

ECMH37Ai) 
EC *F  3 9 o 0 
5 C ‘4  P 3 9 6 u 
ECMP397Q 
ECMP 396U 
SC-mm  3990 
ECMP40  0 0 
ECMP4U1Q 
EC«P4(J?Q 

ECMH4U  3U 

E C M P 4 U 4 I) 

E0MP4u5(J 
c C M P 4 U 6 0 
ECMP4U  7'J 
ECMP 4 0 HU 
EC^maQou 
ECMH410  U 
ECMP4H0 
ECMP4120 
ECMH413U 
6CMP4140 
ECMP4150 
ECMP4160 
ECMP4170 
5CMP4180 
ECMP4190 
ECMP  4 2 0 0 
ECMP421U 
6CMP4220 
EC'4P423(J 
ECMP424J 
ECMO4250 
ECMP4260 
ECMP4270 
ECMP4280 
ECMP4290 
EC*P4300 


IF 

< i 

<no9T.NE.O)  590,630 

EC  mp  4 3 1 j 

5 f 0 

I F 

1 1 

(Oxlij  .NE.O  ) 60  0,630 

ECVP432Q 

6ul 

.%  ■M 

i r = 

fo.1340)  MCA5E 

ECMP433J 

If 

< i 

<10X2.  Ng.O)  610,620 

ECMP434Q 

M 0 

«( 

: r = 

( o . 7WF  ) ( ( DP<  I A.  JK  ) . JMst  . NP  ) , I '2*1.  NP  ) 

ECMP4 J50 

TO 

*30 

EC  mp  4 3 6 (J 

621 

* •* 

I T? 

( o,  1280  ) ( ( DP ( I 2 , JW ) , J2* 1 , MP ) , [ 2* 1 . NP  ) 

ECMP 4 3 7 o 

ECMP43*iO 
ECMM4390 
EC'4P4«»0  u 

ECMP4<*10 
E(jvw442'i 
ECMP443Q 
E C MP  4 »*  4 0 
= Cs,P4450 
EC*P446U 
E C "*  P 4 4 7 0 
EC  4P44>j.j 


ci  no 


4 

1 ( ! * L3.x-rr.‘J0  ) 3 * 0 , 6 3 u 

EOM  J/l49u 

* ' 

;*  ( J •■  b- . E 1 . 1 ) ft  n I,*  7 i 

E C M I-  4 3 •)  0 

J 

• - I T E is. 1 1 3 0 ) 

= C M P 4 j 1 j 

* 7 r 

• ; i a (e  , i;j0n  ) aCASE.LC'J'M  < 1 > .lC'Tm-K  1 ) , CCOST , I C T , v AL  Ufc 

ECMP45?'j 

[-  ( I .E,..o  601  , 710 

EC^R453l 

8 oO 

!-*  ( l . ■?  . 1 ) ^yn  , won 

EC^H433tj 

6*0 

■ 7 ■ j I «<  = 2,1 

ECV'“  4 36G 

,-lT=  (0,1370)  LOOM  I ( U ) , LCOmOI  f - ) 

ECMP437U 

7'rl 

0 j i T I > 1 e 

ECNPAsrtd 

',u  TO  3 U G 

ECM°459'' 

“• 

ECMP461 u 

7 in 

IF  ( < . E«. . 1 ) 720 , 730 

ECMP4feli] 

72'i 

-•SITS  (o.lioO)  ( LOOM  i ( iw > , I w = 2,1) 

ECMH4620 

'u  TO  -uU 

ECMH463U 

EU'^P4{)4|J 

73  0 

IF  ( I .-'i.  1 ) 7 4 0,730 

ECMP465 

7 <*  n 

A-rr?  0,13*0)  (LC0MQ<  1-4)  . Iw  = 2 , K ) 

EC^P466i) 

on  * '1  - ii  n 

ECMP  46  7 0 

z 

ECNP4680 

7^0 

fF  (I.OT.a)  760,780 

EC  MP  4 6 * (J 

7 3 0 

1 (J  7 7 j l = 2 . K 

ECMP4/0U 

/•RITE  (o,  1370  ) LCOMI  ( [w)  ,LCOMO(  Iw) 

EC“*R471  * 

770 

C u '•  T I N i j E 

EC  MP4  7 ? 0 

-RITE  (6,1380)  (LCOMK  UD.IR  = K , I ) 

ECMP4730 

00  M 300 

ECMP4  740 

f 

ECMP4730 

7on 

no  / -» J N = 2,1 

ECMP4760 

-RITE  (o,  1370)  LCOMI ( I-) ,LCOMO( I-) 

ECMP4  77 

7 >0 

CO'*  r I i jfe 

ECMR4780 

...-ITE  (6,1390)  ( L C 0 M 0 ( I v ) , I W = I , * ) 

ECMP4  7R0 

** 

E C M P 4 6 0 0 

w 

TO  n£xT  CASE  and  restart  for  a new  COMBINATION 

?CMP431 J 

>jc  f •'•' 3 L T S A.NJ  OUTPUTS 

= C'MP4b20 

ECMP4S3 

a u n 

mC a i E = NCASE  * 1 

ECMP4640 

5 10 

CUNT  I .i-Je 

=CMP4fa5d 

F 3 * a T STATEMENTS 


- j - i r (IhI) 

“ :j  - A T (1213) 

pu-jiat  (i]Aa) 


ECmm4s6G 
ECmP4 870 
ECMP403d 

ECMP4a9 

ECMP491Q 

ECmh4910 


1 0 >J  .1 

ini 

1121 

loan  Fj-J.uT  < ^ 2 0 OP  r r OM  1 NOT  EXERCISED,  DEFAULT  format  on  INP'JT  jaTa  ECMR4920 
•* a 5 “ u * E 0 ) 5CMP4  v30 

1040  “ C J 4 T (6JRU  OPTION  2 NOT  EXERCISED*  DEFAULT  FORMAT  On  OUTPUT  OAT  aECMR494i] 
ASSJMbD)  ECmh493v 


1130 

- J 5 1 A r 

(21-6.0) 

5CMP4960 

1030 

“ j J A A r 

( 72WU  OPTION  3 NOT 

EXERCISED.  DEFAULT 

values  for  sfreo 

and 

EC  mP  4 9 7 0 

--•TE-  SIZE  ASCUMEO) 

ECMP498G 

10  70 

r J — i—  A T 

(77H(J  NO  OPT  [ 0 n S E X 

E-SC  I Scn , DEFAULT  VALUES  ASSUMED,  NOR 

“AL 

SCMP4990 

~ r t . j m 

T -ILL  FOLLOW) 

ECMp5d  0 d 

Hod 

fosma  r 

l 12F6 . 0 ) 

ECMP5U lu 

1190 

, 0 P A T 

( 3 G “1  A SMINTOUT  OF 

THE  NUMERICAL  DATA 

RE*0  IN  FOLLOWS////) 

ECMH3d2U 

1 1 .<  0 

'j } -•  a r 

( IrO  , 1 a X , 42MNIIMHC3 

?F  ~r>wB(jNEMTS 

NZ  = , 

13) 

ECMP5U  30 

11  I1 

F , 3 *l  A T 

( 1 -n  , 1 d X , 42wNiM5t» 

OF  I'lP'jTS 

N I a , 

13) 

ECmhSOa.j 

Q 


4.  1 ') 

• ) * 'i  A f 

i ! 0 , 1 X , * 2 H N 1 1 M H € P ^ F J 1 1 T 3 u T 3 

NO 

z 

*13) 

EC^PSCiSj 

l • j : 

~ j i i i [ 

(l*p(i,lJX»42uNiMHeP  OF"  S POSITIVITY  PARAMETERS 

NP 

z 

, I j) 

EC  mp  5 0 *5  <i 

II*  ’ 

• j * *■ A T 

(!-•».  lvlX.d^MHiHMafcu  OF  7 5 £ 0 U t 1 C l E a FO*  ANALYSIS  NF 

z 

.13) 

F C '•*  *•  5 u 7 J 

: 1 3 '• 

• j i «•  ^ f 

( iko.iux,  4^HLi.'M(;rw  of  */fctoh  fop  EaCh  fpco 

nvEC 

z 

,13) 

EC  •* P 5 U b \t 

, Ll-l 

- u 5 •>  4 T 

( lHO,  1JX,  4*w|_;>|ijru  if  x F C r G R F(jP  all  FRRjS 

MFvtC 

z 

,13) 

ECmp5uO(J 

i i/i 

.*  ; 1 4 r 

(1 -0  , 1 OX  . 42H|\UM?6‘>  OF  eLc^frirS  1 N STjRM  SEO 

NSEQ 

3 

,13) 

EC-PSl'i  0 

l*e  •' 

* 4 *♦  4 r 

( 1 ~fi  , 1 OX  , 42hnumPEp  of  CASES  TQ  0E  ANALYZE!) 

MAxCAS 

3 

,13) 

E C m h 5 1 1 j 

1 1 1 n 

~ ) i •*  * r 

(li-,'i#1Jx,A2wMAX  M 1 1 M •)  t P OF  $ T u W .M  S F J I T E*  m a X I T £ h 

Z 

,13) 

EC  hh  5 1 2 u 

1?  jo 

• ji  '4  r 

( l-n.  1UX. 41HST45T  r^fi  FREQUENCY 

SF  PEQ 

3 

,Fo.?)EC'ip3l3Q 

I211) 

p r.<  ^ 4 r 

( 1-1(1,  lux,  41'-»STc3  SIZE  for  FREQUENCY 

STfeP 

3 

, F6 . ? ) 

EC’ip^lH.j 

U*0 

~)j  Ml  T 

( 1 ynl  THE  Lll  m a T p I x Is//) 

ECMPSl50 

i?in 

• j ? 4 r 

( IR*1  Th=  L 1 2 ia  T u I x IS//  l 

5 C M h 5 1 S 0 

i?4  J 

" :j  3**f  4 T 

( 1 /Hi  THE  |_2l  MATRIX  15//) 

cChPSI 7 0 

1?3<1 

“ ■ j 5"i  A T 

livm  The  L22  MATRIX  IS//) 

ECmP31-iq 

1 / 3 il 

uT 

<?JH1  TmE  COS  t *)F  IMPUTE  IS//) 

EC'iPEiyq 

12  >•) 

~ ,*  3 1 4 f 

(?«-l  THE  COST  of  OUTPUT’S  IS//) 

EC*H52f)0 

» C 3 r J 

- J 3 1 4 r 

< l*-n  , *62  j . 3 ) 

EC  hp5  2 1 u 

1?  "1 

■ j ^ 4 r 

( 42Hj_  The  COMPfJMtuT  i a T h I x / AT  A FREQUENCY 

OF, ?X , F6 

• 2 » 2 X # 

ECMPS22  (| 

•*>-•/  3 / / 

) 

EC*P523j 

1 J'j  3 

- J > ••  A T 

i 7IJM1  The  c o m P 'J  *i  I T e System  TRANSFER  FUNCTIUN 

M A TK  I X 

SYSM  A T£CMH5*4ij 

«•  h r jj 

uE'iCY  QF,2x,F6.?,2x»2Ml5//) 

ECMP5230 

«l 

V* 

; ^ 3,4A  r 

( **  3 h 1 The  u T F 7 -AT4[X  FOR  SENSITIVITY  PARAMETER  , 2X  , 13, 

EC'<Hi5260 

• 

-3x,17haT  a FPEOjEMCy  0F,:>x,Fo.7, 2X.2HIS//) 

ECMPS270 

”•  j 4 h A T 

l 2 4 h i THE  J A C 0 a f AN  MATRIX  IS//) 

ECMPS2S0 

1T3  0 

»’  o3 -a  r 

( 3 < h 1 The  COEFFICIEMT  maT^IX  J m C a S6 , 2 X , I J , 2x , 2h I 5/ / ) 

ECMP?2'70 

1340 

• L 4 -i  A T 

(?3hL  The  op  h a TR  f X IN  CASE.2X, 13.2X.2HIS//) 

ECMPaauO 

133  0 

F U •,  i a T 

( ImI.Sx, *wcaSE,13x, ahI^iMjTS.isx, ZHOUTPUTS, 15 x , 

EC-P531U 

1A1 0 J 5 T , 

!7X,ijHQE.TA,5X,2uHLAST  TEST  EIGENVALUE) 

ECv,h5323 

• 1 *0 ;) 

•'j5'l4[ 

( 1 ri  n , a x , l 4 , 1 5 x , I 3 , 2 0 < • I3,5x,E2U.3,11jX,  I3,5x,62i).3) 

EC-P5330 

l 3 / rt 

»”  j 5 1 A T 

< 1 h 0 , 2 4 x , I 3 , 2 0 X , 13) 

EChh53aij 

1 IflO 

( 1h(),24x,  13) 

ECMPa3  5<i 

I),1 

- j-*-*  r 

l 1h.1,4  7x,  13) 

EC  me  536  0 

* 

ECMP53Z0 

■*  ; T j 5 » 

EC np 5 pm 0 

• 

E 'J  O 

ECMP5390 

* 

i 


* 


- 

5.  > ■*  "*’j  T l 'itr  A^nt  ( '<  , ! x 1 «,x  , Y,  [ (- . J y , /,  I 2 , j/ ) 

a u o ■- 

A ij  f 1 

1 J 

€.  J 

- # # # * ' 

J J 

*• 

A i j 1 • -* 

4 U 

> i ->  -MJ  J T I \F  A U 0 ’4 

A IJllM 

50 

• 

a 0 r. 

Ml 

• 

<■*  i * P U 5 c 

AuUn 

7 U 

a lJ  13  S T4D  MATRICES  * i<i.l  v TO  PRODUCE  maTRI*  7 

A U p 1 

r 0 

A jl'M 

9 0 

J 5 A •I  t 

A u fj  «* 

10  U 

CALL  ADDM  <*,  IX, JX,Y,  IY.JY.Z,  IZ,JZ) 

A DC  *4 

110 

AIJOm 

12* 

yiSCHlPTION  OF  PaPA'-ET^S 

A uL>* 

1 jU 

#• 

x s first  matrix  ro  sf  added 

a n n -4 

1 4 ij 

i<  a. >in  jx  s u imk* r°  <s  of  **» a r » i x x 

\ u n m 

150 

w 

Y s SECOND  MATRIX  TJ?  -it  added 

A Ij  r :« 

1MJ 

Iy  a a D Jy  = DIMENSIONS  of  matrix  y 

A u D 4 

170 

* 

Z = rfPSUurpJG  SUM  MATRIX 

A u P M 

18iP 

*• 

[7  AND  JZ  S UImFNSIOjS  Ot-  MATRIX  Z 

ADD  -i 

190 

A U l’  M 

20  J 

« r *1  A r?  4 S 

AOP* 

21u 

2 

M A TR  I Cc  a MUST  -ib  PPl)PE»>Lv  DIMENSION EC  H Y CALLINu  P1JOGRAi 

A J 0 ■* 

*20 

'*• 

TERM  I nj  A T E S JO*  If  UMb^SIONS  00  NOT  MATCH 

AOTM 

23  1 

4# 

ADD, 4 

2*J 

SUBROUTINES  AND  FUNCTION  SjHPPOOriAMS  RE0UIH60 

A DDm 

250 

• 

NONE 

Au  Cm 

*60 

2 

aDOm 

270 

j a n 

*» 

A U 0 M 

29P| 

01  4 e N 5 I 0 '•  X (IX.JX),  Y (!Y,JY),  Z (IX,JX) 

ADPM 

30a 

Ir  ( l X . fe  0 . I Y ) 1 J » 4 n 

a d him 

31.0 

1 3 

I F CJx.E3.JY)  2), 4Q 

A ij  P M 

32  0 

21 

IZ  = lx 

AQOM 

33  0 

J/  = JX 

A u 'J  H 

340 

adOm 

35'’,  ‘ 

'■"j  6 3 1 S 1 , I z 

ADPM 

350 

Oj  il  J s t,JZ 

A U Li  M 

3 70 

><  ' . j)  s x(i.j)  * y ( i , j) 

add- 

35  u 

1 '• 

Z J i T I NUt 

a d r ■- 

3 9 0 

* c T.J  Pi'i 

A dPM 

4 no 

* 

a ij  r,  .i 

410, 

41 

4 w I T E 16,1000  ) 

a nr, « 

4 2 J 

I 1 U 1 

- j p 4 a T (47H  ••ERROR#*  -a’RICsS  m n T COmPaTIhlE  FOP  ADDITION) 

A Of'M 

4 30 

ADO'- 

4 4 Q 

= Vi 

A J P M 

“50 

> 


*1 


if 


• i - ► act ■>  f Mt.  r ) 

"Art 

-'ACT 

l j 

p j 1 

is  i ■» * o j r i p p”act-^iai_ 

- JtJji; 

CAi  CULAres  PaCTJ^Ial  ;1P  a numuEh 

O > A i C 

%LL  P A 3 Try  r AL  (IP  ACT,  '1 ) 

N 

" A T 

pact 
p a c r 
p act 

c + C 1 
pact 

* *>  C T 

p a r;  t 
Pact 

3 J . 

4(J 

5 u 

d 1 

70  ] 

* cj 

V V 

1 d 0 

110 

120 

J E 3 ~ 9 I P T J Q ,\|  ~)f  PA^A^E'e^  S 

Pag  T 

lid 

[Pact  s valu£  OP  P aC T19  f ai. 

Pact 

14  0 

V s N i J M L fc  P rtOSE  PaCTO^I  AL 

IS  'lES  I r»Eu 

P A C I 

1?U 

Pact 

1(5  0 

‘•f  - y i h < ^ 

pact 

170 

VOMfc 

pact 

1 « 0 

pact 

190  ; 

> j«-5'jjTrjEs  and  punch  on  su-jBAnt^AHS 

Pfeou I Wtu 

pact 

20  0 1 

M ONE 

pact 

210 

pact 

220 

2 3d 

pact 

2 4 0 

IP  ACT  = 1 

pact 

2?d 

IP  <'<.'ie.u)  u.on  / 

pact 

c 6 d 

I = 1 

pact 

270 

"act 

2fld 

L'O  20  J 3 l.N 

PACT 

290 

rricr  = [pact  • i 

pact 

300 

1 = 1*1 

pact 

310 

9 T T U 3 V 

pact 

A 2d 

pact 

33  0 

- 

--  >j  T 1 1 W HMKK.IXJ*' 

i on  r 
i on  r 

10 

2 u 

• 

• 

I un  r 

4 0 

■•>  'i-".  jr  i ,mp  i jntm 

I JNT 

• 

• 

I 0 N T 

6 0 

- 1 1 r 3 U ? h 

I JNT 

7 0 

z 

3-nui.-ces  am  i o 5 m t i t y a t r i x 

I jn  r 

h U 

z 

I ONT 

9 0 

z 

J ^ - *:C 

I Dm  T 

in  a 

** 

call  i n m r 3 ( x , i / , jx  > 

I dm r 

u 

i un  r 

12  0 

j-a'!1’  I HT  [ fi-j  J F PA^AM^TER-S 

I DMT 

140 

X S WCSULTPKi  ngMriTY  MATRIX 

I DM  T 

1 4 u 

[/  ANIJ  JX  a DIMFMSIHM?  OF  M a T R [ X X 

ID. NT 

laO 

I un  r 

160 

*• 

“ *i  A rr  4 S 

i un  r 

1 7 

matrix  hist  >iE  RPQPiiR^y  i) j rems i oned  hy  calling  program 

IUMT 

1 « 0 

terminates  uny  if  matrix  mot  souare 

I UNT 

190 

z 

I um  r 

400 

** 

5 J ri  -;u  U T I N E S AMU  FUNCTION  SuhPRQGRAMS  REQuIrEu 

I dm  r 

210 

VGNfc 

t Dm  r 

220 

*• 

I DM  T 

24 

I DMT 

C U 

250 

o I -it  MS  I uN  X ( I X , JX  ) 

I u m r 

260 

IF  (IX.cO.JX)  10.40 

I un  r 

2 70 

** 

t UM  f 

2 H 0 

10 

Hu  2n  I = 1.  IX 

i un  r 

29* 

•J  2n  i - l.JX 

IDNT 

30  0 

X ( I , J ) = C . J 

I DMT 

310 

2 0 

: j'1  1 1 m jt 

IUMT 

320 

I DMT 

4.30 

00  3 0 < - 1 , I x 

IUMT 

44Q 

i ( < , * ) = 1.0 

I DMT 

3?  w 

40 

C u ’ 1 T I 4 j E 

IUMT 

360 

- e T u R ‘i 

I DMT 

4 7 0 

IDNT 

4 6 0 

4.1 

» - 1 r = (o.iouo) 

IUMT 

390 

1 

j o o 

"U-mT  ( a 1 h •*£Rfl03**  I j F M T i T f 'liTPIX  MUST  rE  SQUaRE> 

IUMT 

400 

*• 

I uNT 

4 1.. 

- A 

I UN  r 

420 

- 

T i - i V*  ( A , ! i , JA  , * , I Y , .IV  ) 

I NVM 

I NVM 

1 J 

?'J 
7 i i 

I NVM 

4 ' j 

■>  j -a  -■>  o j r i ,i-  i m\/m 

I NVM 

5 j 
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2.8  An  Example  Run  on  Package 
2.8.1  Model  Set  Uo 

An  an  example,  consider  the  amplifier  circuit  shown  in  Figure  2. 


Figure  2.  RC-Coupled  Amplifier  with  an  Inductive  Load 

Assuming  four  outputs  available  (for  comparison  purposes),  and  a single 

Input,  a set  of  connection  equations  for  the  circuit  are  given  In  equation 

/ 

2.8A  and  the  corresponding  set  of  component  equations  are  given  In  equation  2. 88. 
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where  r denotes  the  parameter  subject  to  variation  which  In  our  example  will 


be  u,  R,  L and  C themselves. 


As  <5  Is  constant  almost  everywhere  [3]  and  is  thus  independent  of  the 
actual  component  values,  for  computational  purposes  jane  can  take  the  nominal 
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value  of  all  the  four  components  to  be  unity.  Also  15  real  frequencies 
with  a starting  frequency  of  1 and  a step  size  of  unity  will  serve  the  purpose. 
The  maximum  number  of  possible  cases  (MAXCAS)  for  various  combinations  of  test 
inputs  and  outputs  is  15.  The  costs  are  assigned  to  inputs  and  outputs  as  per 
equation  2.8C. 
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(2. 3C) 1 


The  Data  Cards  set  up  for  this  example  are  shown  in  Figure  3.  A printout 
* of  the  three  user  supplied  program  is  given  in  Section  2.8.2.  Section  2.8.3 

contains  a copy  of  the  standard  output. 
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